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,. ABSTRACT 
As the order of the stress singularity a.ta sharp notch tip varies 
with its vertex angle, the units for the coefficient that represents 
the amplitude of the local stress field changes accordingly. Only in 
the limit of .a zero notch angle that·the coefficient could be directly 
associated with the energy release conce·pt in fractur.e mechanics owinq 
~ 
,t 
to the preservation of self-similar crack extension provicled that the 
· loads are applied symmetrically across the crack plane. For a finite 
notch angle, self-similarity would no longer be preserved before and 
after fracture even for symmetrical loading. The delineation of 
notch. geometry from material behavior is a prerequisite for notch 
~ 
strength characterization and requires a more general consideration. 
By focusing att·ention on an eleme·nt of material ahead of the 
notch, failure by yi£1ding and/or fracture could be predicted from the 
stationary values of the volume energy density dW/dV regardless of the 
order of the notch tip stress singularity. Fracture initiation is as~ 
sociated with the critical value of dt~/dV or (dW/dV)c being character-
istics of the material. As the stress singularity increases with d·e-
creasing notch angle, the critical applied stress to initiate failure 
also decreases and the initial ligament of fracture becomes more lo~ 
calized. This ,effect is. much more pronounced for skew-symmetrical 
l o ad i n g where the s tr es s s i n g u l a r i t y becomes d·i mi n i s hi n g l y we a k a s ·the 
half notch angle reaches 60°, a re.sul t that is not unexpected. The 
d·irect:ion of fracture initiation for· in-plane shear load v,as found to 
-1-
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1 
I 
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0 
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,-- • / 
be away from the line, that bisects the notc·h. I-t varied from +74.5° 
to +74.8° and +86.2° to +85.8° for Poisson's ratios of O.l and 0.4i 
' 
respectively as the half notch angle is increased from 0° (crack) to 
60°. The Poisson's ratio had a more appreciable influence on the ( 
crack initiation direction than the notch angle. This is in contrast 
to the maximum normal stress criterion that showed marked changes of 
the fracture angle with notGh angle. The fracture angle decreases 
from +70.5° to +52.0° as the half notch anqle is increased from 0° to 
,. 
60°. 
Numerical solutions are obtained for different notch angles under 
symmetrical and skew-symmetrical loading. The· rate change of volume 
to surface ratios for elements near the notch tip are compared with 
those obtained analytically and used as a guide for developi'ng the fi-
nite element grid patterns. The distance of the nearest notch tip 
element in the numerical analysis tends t.o decrease with decreasing 
stress singul·arity •. Such a knowledge can benefit the selection of fi-
.;, 
nite element mesh s.izes and distribution near sharp notches. 
-2-
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I • INTRODUCTION 
Voi.ds,,·· cracks and other forms of mechanical defects are unavoid-
. ably present in all materials regardless of their basi~ constituents 
whether classified as metallic or nonmetallic. Processing techniques 
-such as forming, drawing or machining can further introduce additional 
discontinuities that could reduce the load carrying capacity of the 
final prod·uct. Complete elimination of these defecrts would not only 
be a technical impossibility but would also be economically unfeasi-
ble. The more- practical approach would be to control the size and 
distribution of flaws within the limits of design. This requires a 
knowledge of strength degradation caused by defects of different sijes 
and shapes. A quantitat.ive assessment of such effects, however, has ·-~ 
been lacking. 
High elevation of stresses in regions local to material disconti-
nui'ties and abrupt changes in sections received wide recognition only 
when rig.orous analytical solutions ~o .. notch probl·ems in elasticity 
were made available. One of the. earliest contributions in the Western 
Hemisphere is the result for an elliptical hole [l]. The local 
stresses were found to increase rapidly \~hen the ratio of the minor to 
major axis of the ellipse is decreas~d. A factor, commo-nly referred 
to as f);ttei,-6 co nc.e.Ji-t1a._tco ,1, \va s recognized to be u ndes i. ra bl e because 
0 
it may cause local disintegration of the material. A comprehensive 
collection of stress concentration factor solutions can be found in 
• 
\he.work of Neuber [2] who provided results for a variety of notch 
-3- .. 
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configurations. The use of maximum localized stress as a failure cri-
terion followed somewhat naturally and was not scrutinized for many 
years t~ ~ome simply because of the absence of a general failure cri-
terion .that could consistently account for all notch geometrie.s re-
gardless of whether the boundaries contained sharp corners or not. 
The advent of the energy r·elease rate concept of Griffith [3] gave 
additional impetus to the development of failure criterion. Instead 
of f·ocusing attention on the elevation of stress at a .toe.al point, the 
influence of the -6t/Le,b,6 6ield was taken into account such that cons id-
eration could be given to the change of energy state due to the pres-
ence of a l i n e c r a c k be i n g the l i mi ti n g case of a·n e 11 i p s e . Under 
symmetric loading. conditions, the property of self-similarity could be 
invoked such th.at the functto·nal form of the energy before and after 
crack growth remained the same. The definition of the energy release 
rate quantity thus followed. Realizing that self-similarity would no 
longer apply to unsymmetric loading cond.itions, Griffith [4] recon-
sidered the use of maximum stress criterion. He mad€ reference to the 
maxi mum stress on the periphery of the .ellipse that \·Ja s used v,h i ch 
would become unbounded for the limiting case of a sharp crack. It be-
came clear in [5] that attention should have been focused on a local 
element next to the notch or crack tip instead of the notch boundary 
stress. f,1any of the interirn discussions concerned \•Jith misconceptions 
of i de a s a n d. mi sap p 1 i ca t i'o n s of the or i es can be found i n [ 6 , 7 J . 
The plea for a more general failure criterion has been subsided 
becaus~ of the overwhelming complexities and difficulties associated 
-4-
., 
,i:·cc-;..~,· -:--. ~-----.....----------------------....,.,.----.---~-------
. .._t. ' 
. ~ ... _ _'. ____ :_····-1,,·-·, --.---~___:_·---: . ··-----., . . . . - :_ - --·---·-· -· ... ,-
with inco,mpat·ib·ilities between the continuum mechan·ic·s theories and 
·the~discretized finite element approach.- The inherent ·assumption made 
in the classical continuum theory "by letting the rate change of volume 
* with surface, ~V/~A, to vanish in the limit has frequently been over-
lociked. Certain smooth restric·tions on tV/tA must be satisifed when ·a 
continuum is discretized by the finite element method. More specifi-
cally, the change of AV/~A in neighboring elements should not exceed 
the average of AV/AA in the system. Such a condition is often vio-
lated near surfaces of discontinuities where the surface/volume inter-
. 
acti.on effects· are pronounced. S.o·me of the subtleties that can be en-
countered in numerical analysis have been pointed out in a recent re-
view [8] concerning the behavior of a three-di~ensi'onal through c'rack. 
Instead of probing deeper into the physics of the problem, the tenden-
" 
cy has been to concentrate only on the numerical aspects of finite 
elements. Such a trend can only further hinder the progress in. this 
field. This occurred not only in the failure analysis of solids [11-
17] but also in other disciplines of continuum mechanics. 
' Failure behavior of sharp notches for the most part has been cen-
tered on stress analysis. The early work on the Fadle eigenfunction · 
·expansion [TB] showed tha·t the order of stress singularity at the apex 
of a reentrant corner depended on the angle between the two intersec-· 
ting free surfaces. Fail.ure would involve the enlargement of the · · 
* This corresponds to the neglect of element size effect a.nd is respon-
sible for decoupling the interaction of surface \vith volume [9,10]. 
-5-
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notch front and/or the creation of new surfaces in the form of a line 
crack. The latter would involve a change of the order of stress sin-
gularity. Hence, it would not be meaningful to use the_correspori.dinq 
wstress coefficients [11,14,17] for their units would alter before and 
after failure in addition to their lack of physical significance. 
Failure criterion should not be notch an.gle specific~ Unlike the 
crack configurati·on where the invers~ square root stress singularity 
is unaffected· by loading type, the stress singularity characterized by 
. 
1mi·n - 1 i . 1n a .. ~ r at the notch tip for symmetric loading differs 
m1 n 1 J 
from that· for S·kew~symmetric loading. For a notch angle of 30°, Amin 
' 
= -0.501453 for symmetric loading and Ymin = 0.5981.92 for skew-symme·t-
ric loading. The fundamental character of the notch tip stress field 
is geometry dependent. This is why the stress coefficients cannot be 
* used in the way with Which stre:ss intensity factor applies to the 
crack problem. Such incons:istencies do not arise in the volum·e en~r-
_gy density criterion [6,7] because the same singular character of the 
energy field prevails for all notch geometries including the sharp 
** crack. and all constitutive relations 
. . . • 
By assuming that failure ini- · 
~ 
tiates··when the ener·gy stored in a unit volume of material ahead of 
the notch reach.es a cri·tical value, say (dW/dV)c or (tic \·Jhich is char-
* The physical meaning of the stress intensity factor relies on its 
association \vith the energy release rate quantity. This relationship 
is made possible only because of the unique character of \min being 
equal to one-half. · 
**The classical theory of plasticity yields different order of stres·s 
singularities as the strain hardening characteristics are altered. 
,, 
-6-
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·acteris~ic of the material. This quantity can be determined from the 
area under the true stress and -true strain curve corresponding to ·the 
ultimate stress and ultimate strain state. The location of failure 
measured from the notch tip is found· to decrease with increasing notch 
angle 2s. The cas~ of s = 90° cbrresponds to a half-plane subjected 
to uniform stretching parallel to the- free surface and the element 
that initiates failure would th.en lie on the boundary. This implies 
.that the amount of energy released to initiate failure would be notch 
angle dependent. Energy rel ease rate is ·a geometry dependent quantity 
and cannot be u·sed as a material characterization parameter for situa-
tions where failure takes place in a non-self-similar manner. One of 
the objectives of this v1ork is to rank the severity- of sharp notches 
in a consistent fashfon regardless of the notch angle including the 
extreme cases of the crack and ha l f·-pl ane. 
-7-
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I I. SINGULAR CH·ARACTER OF STRESS AND ENERGY FIELD 
AROUND SHARP NOTCHES 
' 
The configuration of a sharp notch resulting from the intersecting 
of two straight surfaces free of stresses is problema.tic from the vie\f-
point of theoretical consideratiqn. · First of all, there is no unique-
ness theorem in elasticity to guarantee the validity of the solution. 
Unlike the crack configuration which can be taken as the limit of a 
smooth eJliptical opening that is covered by the Kirchroffuniqueness 
theorem in elasticity. There is no corresponding limi't for the sharp 
notch so that single-valuedness of the solution must re·ly on other 
conditions such as finiteness of the strain energy function. 
2. l Eigenfunction Expansion 
The singular character of the stresses nea.r a sharp ·notch has been 
investigated in [18,19] and will not be fur·ther elaborated except for 
quoting the results. Referring to Figure 2.1, the surfaces ate= +a 
a re free of nor-m·a l and shear tractions \\lh i 1 e the loads that a re sym-
metric or ske\\1-symmetric about the x-axis may be applied. The 
stresses ox' 0Y and 0xy near the notch tip take the forms [14]: 
00 
ox - L 
n=l 
A -1 
Re[a r n ;\ {(2+\ cos2a+cos21 a)cos(\ -T)2 n n n · n - n 
y -1 
- (A -l)cos(A -3)8} + b :r n "( r-(2+·y cos2c.-cos2 ... ,- a.)sin("{ -l):.., n · n n n\. n n n 
-8-
~ . 
. _____ \_ ---
• 
f 
~~ .. ------,·-- . .,-. - ·····---~--··-:··· -- ----- ....... --- .. -----~------·--·-· ·~-
I . 
a = y 
00 , A -1 
I Re[anr n 1n{{2-1ncos2a-cos21na)cos(1n-l)e 
n=l t 
f 
y -1 
+ (1n-l)cos(1n-3)e} + bnr n yn{{-2+yncos2a-cos2yna)sin{yn-l)e 
- (y -l)sin(y -3)e}] n · n 
( 2. 1 ) 
oo A -1 
a - ~ Re[a r n ~- {-(A cos2a+cos2l a)sin(~ -l)e 
xy·_-L n n·n n· ·n 
n=l 
y -1 
+ (i ~l)sin(i -3)e} + b r ·n y. {-(y cos·2a-cos2y a)cos(y -l)e n · n · n n · n n · n 
Only the plane strain condition will be considered such that 
o = v ( a + a ) ( 2 • 2") 
Z X y 
with v being the Poisson 1 s ratio. The corresponding displacements ux 
and u are given by 
. y 
co >. 
ux = 1µ I Re[anr "{(3-4v+1ncos2a+cos21na)cos10 e 
n=l 
" ·' 
' 
- ' cos· ( i -2 ) e } - b r · n { (. 3-4 ,;+y cos 2 a - cos 2", a ) s i ny 8 /\n n n n · 'n n 
- y sin(y -·2)e.}] 
n n 
-9-
\. 
... -
oo A 
u = 1µ I Re[a r n{(3-4v-l cos2a-cos2l a}sinl e 
Y . n= l . n n . . n n 
y ' 
+ ~nsin(~n-2)e} + b r "{(3-4v-y cos2a+cos2y a)cosy e n n · n n 
y 
a y 
I axy 
___.I ax 
Stretching: Symmetric 
Loading 
Figure 2.1. Notched region subjected to symmetric 
and skew-symmetric loading. $ 
(2.3) 
} 
Here,µ is the shear modulus of elasticity. The coefficients a and n 
bn depend on the applied loads while the eigenvalues ln and yn can be 
-10-
'i. I , i 
.. , 1 
... 
complex and they depend on the st-ress and/or displacement conditions 
specified on the notch surfaces in Figure 2.1. For the case of free-
, 
free stress conditions, the characteristic equation [la]· 
sin_2Ana - -A sin2a n 
' 
applie.s. to -oymmet/Llc loading and 
(2.4) 
sin2y a= y- sin2a (2.·5) n · n 
• 
applies to ,6kei.u--6ymma,uc. loading. Some ty_pical results of Amin -and 
Ymin that are real can be f·ound in Table 2.1. Note that Amin and Ymin 
Table 2.1. Typical real values of A 1. and y . [11] for different a or B. m n· min 
Eigenvalue 
Angle .Angle ). . Ymi{/ (deg. ) 3 (deg .. ) min a :' 
180° oo 0. 500000, 0.500000 ) -4!·-,} 
I , 
175° 50 0.500053 0.529355 
170° 10° 0.500426 0.562007 
165° 15° 0.501453 0.598192 
150° 30° 0. 51 ·2221 0. 730901 
135° 45° 0.544484 0.908529 
120° 60° 0.615731 0.999999+ 
are not the same. 
' 
-11-
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2.2 -Notch Energy Deflsity Singularity· 
· A necessary requirement in elasticity ·;s that the strain energy 
density function W must be finite at all locations. Considered in 
Figure· 2.2 ·;s a continuum body with volume A enclosed by surfa-ce r in. 
----
---
Notch 
----.. 
angle. 
~---Notch 
angle 
I 
" 
-- Surface r 
de 
~M.aterial 
,~ . element 
\ 
', 
Figure 2.2. Continuum body with internal and edge notches. 
dz 
Figure 2. 2, the strain energy density ft.J net ion can be \vri tten as 
lU = f.. lvdV 1\ . (2.6) 
in which (V or dW/dV is the energy stored in a typical element \vith 
volume ~x~ytz or rtr~s~z depending on the coordinate system used. The 
body may contain internal and edge notches where the reentrant corners 
-12-
. . .. ' 
consist of the intersection of twa free surfaces and the subtended 
angle will henceforth be referred to as the notch angle, say 2a. The 
included vertex an~le of the notch would then· be 2a = 2n-2B or simply 
a = 1r-S when referenced to the line t-ha·t bi sects the a_ngl e. For a 
two dimensional volume element with dV = rdrde·l, equation (2.1) shows 
that the strain ener~y density function W must be proportional to 
1/r(l-m) with m > O in order for W to be finite in the limit ~s r ~ 0. 
-
The character of , ?.,..· 
.. 
dW 1 m > O 
dV"' rl-m' (2.7) 
must, therefore, be retain·ed in the immediate· vicinity of all notch 
tips. 
According to the results in Table 2.1 and the results in equations 
(2.1) and (2.3), the strain energy density function in equation (2.7) 
can be written as 
dW l O 5 dV ~ 2(1-~ .· )' ~mi.n > • · 
min 
r 
for symmetric loading and 
d~J l 
cIV ~- -· 2-(---,-._ Y_m_i_n...-) ' Y mi n .:.. O · 5 
r . 
(2.8) 
(2.9) 
for skew-symmetric loading. As r-+ 0, th-e strain energ-y density func-
tion acquires. the general form 
-13-
I ' 
:: f 
' . i.\ .. _._: 
' . 
dW _ S(e) m > 0 dV - 1-m' -
r 
(2.10) 
Com_paring equations (2.10) with equations (2.8) and (2.9), m = 2~ . 
· min 
- l or 2y . - l. The case ~m·,·n = y. = 0.5 or m = 0 corresp6nds to min -min ,. 
a line crack and ·the same st·rain energy density factor S a'pplies to 
both symmetric and skew-symmetric loading. 
2.3 Smoothne~s of ·Rate Chan:ge of Vol~me with Surface 
As mentioned earlier, the classical theories of continuum·mechan-
ics do not ~ccount for the effect of element size because they are 
based on taking the limit 6V/6A ~ O where tV/6A represents the rate 
change of volume with surface. This assumption obviously cannot be 
implemented by the finite element procedure regardless of how many 
elements are taken. 
For illustrative sake, consider the theory o.f linear elastici-ty 
where (hV/~A}j (j = x,y,z) can be computed from the normal strains 
(E ,E ,E) as follows: 
X y Z 
6V) (tiA z 
_ sx+sy+s 2 
c- +·c 
--x --y 
(2.11) 
-14-
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., 
These are first order quant-ities determinable from a finite element 
'computation even though th~e 1 imit·s 
Lim (~)j-+ 0, (j ;: x,y,z) '( 2. 12) 
. 11X-+~y-+11Z-+0 
have been invoked in the derivation of the equations of elasticity. 
This can be seen from the boundary conditions 
n 
T. = 
l 
. (.. . )(~v) a .. n. + p u.-h. ~ Jl J 1 1 DM n (2. 13) 
for (6V/fj.A)n t O and the cl~ssical versi.on 
nr 
T. = cr •• n. 
l J l J 
(2.14) 
n 
where {t..V/t..A)n--+ 0 has been assumed. In equation (2.13), Ti are the 
n 
C 
tractions, a .. the stress components and o(Ll.-h.) are the body forces. lJ 1 1 
The condition in equation (2.12) imp.lies that the admissib·le finite 
element representation of elasticity solution requires 
• J = x,y,z (2. 15) 
where 8 should be sufficiently small and not exc~ed the average of 
f'..V/t..A in A. There is no guarantee that (t..V/t..A)j would approach 
(bV/aA)j+t..j as the finite element grid size is decteased. 
-15-
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. .... ' .. 
In the case of plane strain, e: 2 = 0 and equations (2.11) invo·lve 
'only Ex and Ey which can be obtained from crx and cry in equations (2. l) 
by application of strain and stress relations: 
(2.16). 
Substituting crx and cry in equations (2.1) into (2.16) and the results 
into the first two equat i ans ( 2. 11 ) , it is found for symmetrical load-
ing with Al = Amin that 
~V . 4(1-2v)cos(A1-1)e 
(AA}x = [2(1-2v)-A1cos2a-cos2k1a]cos(A1-l}e+(A1-l)cos(A1-3) 
(2.17) 
v 4(J-2v)cos(x1-l)s 
(~A}y = [2(1-2v)+A1cos2a+cos2A1a]cos(A1-l)e-(A1-l)cos(A1-3) 
The corresponding expres.sions for skew-symmetrical loading by taking 
only the term yl = Ymin are given by 
-16-
........... 
• 
·- ' 
/J.V · -4(1-2v)sin(y1:.1)e ',, .. 
(AA)x =_[-2(1~2v)+y1cos2a-cos2y1a]sin{y1-l)e-{y1-l)sin{y1-3) 
(2.18) 
/J.V -4(1-2v)sin(y1-l)e 
( !J) y = - [ 2 { 1 -2 v ) +y l cos 2 a-cos 2 y l a] s i n ( y l -1 ) B +( y l -1 ) s i n { y l -3 ) B 
. ~· 
For the case of a line crack with~, = yl = 0.5 and a =rn, equations 
(2.17) and (2 .• 18) both yield 
(AV) _. . 2(1-2v) 
~ x - [l-2v+sin(e/2)sin(3e/2)] 
( 2. l 9) 
~v 2 l-2v) (AA)y = l-2v-sin e/2 sin 3e/2 
In the s.ame way, for yl = 0.5 and a= n, the results for cracks under 
s.kew-symmetrical loading are 
(AV) _ 2(1-2v) 
~Ax - 2v+cos(e/2)cos(3e/2) 
(2.20) 
(AV) _ 2(1-2v) 
My - 2(l-v)+cos(e/2)cos(3e/2) 
To reiterate, what equation (2.15) state-sis the smoothness condi-
.. 
tion on (~V/1A)j as inferred by equatioh (2.12), a condition that is 
invok,ed in the derivation of continuum mechanics solutions. Proper 
modelling of the physic.al problem would require that 
-17-
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' "' 
,. . 
. 
= x ,y olt r, e be kept .6mctle.e.Jt 
than. the global ave.1tage 06 6V/6A in :tl1e. .6tjJtem. 
V i o 1 at i on. of e qua· ti o·n ( 2 . 1 2 ) or ( 2 . ·1 5 ) wo u 1 d imp l y fa i l u re of t.h e con - . 
? 
tinuum mechanics theory to model the physical behavior such as the 
.. . 
state of affairs near the notch or crack tip regardles:s of t.he accu-
racy· of the numerical solution. In fact, numerical computations would 
te·nd to smear or smooth out oscill-ations in (~V/~A). that should have 
. J 
been present in the theory. This is why finite el-ement nodes adjacent 
to the crack have been shifted [20] by the distances (1J3)k and (2/3)k 
for k = 2 so that the 1//r crack tip stress singularity would be pre-
served rather than smeared out numeri ca 11 y. Special el e.ments have 
,;also been devised to embed the stress singularity into the near tip 
crack elements [21 ,22] and notch elements [14]. Keep in mind that 
equatio·ns (2.12) or (2.15) should be employed primarily to check the 
de,6ie,[eJ1c_~r of the continuum mechanics theories in local regions of 
high stress and/or energy concentration. This is di·vorced from the 
accuracy of numerical modelling of theoretical solutions. 
2.4 Local Oscillation of Rate Change of Volume with Surface 
It i·s worthwhile to first obtain a knowledge of the local behavior 
of (~V/~A). which can serve as a guide in the finite element method. 
J . 
The basic character of (DV/1A)j in equatiqns (2.17) for the symmetri-
cal load and equations (2.18) for the skew-symmetrical· 1oad will be 
discussed. 
' ~· i'. \ 
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·~:::::::------------------------"".'----------------_,.,._..,.., 
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" . 
Syn1met/lic.a.l LoacUng. Displayed in Figure 2.3 are the numerical 
values of (6W6A)x in Table 2.2 calcula~ed from the first of e~uations 
Angle 
e (deg) 
0 
9 
l-8 
27 
36 
4·5 
54 
63 
72 
81 
90 
99 
108 
117 
126 
135 
144 
153 
162 
171 
180 
Tab 1 e 2. 2. Numerical values of ( tV/ 1A) (cm) 
X 
oo 
2.00000 
1.89583 
1. 64872 
1 .37473 
l.14286 
. 97 05"6 
.85280 
.78044 
.74709 
.75153 
.80000 
.91244 
1.14286 
1 • 66571 
3.43733 
-32.97056 
- 2.95399 
- 1.64178 
- l • 21943 
- l . 04815 
-
1 . 00.000 
in first of e.quations ( 2 .17) .for 
symmetrical loading and v = 1/3. 
Angle B (deg) 
15° 30° 45° 
1.89959 l. 62800 1.26993 
l .80571 l. 5"6046 l.23194 
1 . 58091 1. 39405 1.13427 
1.32808 1.19860 1.01161 
1.11113 1 . 02339 .89355 
.94812 . 88.690 .79567 
.83580 .79027 .72286 
.76639 .72936 .67513 
.73426 .70063 .65152 
.73843 . 70361 . 65221 
.78478 .74299 .67994 
.89178 .83252 . 7 418"0 
1.10855 l . 00605 .85261 
1. 48792 1 .. 35474 l . 04260 
' l .37610 3.09176 2.20560 
158. 46751 6.09169 1 . 9999:9 
-
3. 37-598 -9.85192 
-
1.79132 
-
1.32657 
60° 
.92836 
.91186 
.86748 
.80732 
.74415 
.68724 
· . 64173 
.60990 
.59265 
.59058 
.60475 
. 637 03 
.69030 
.7.6808 
(2.17). The data correspond to v = l/3 for 3 = 0°, 15°, 30°, 45° and 
60°. Large osc i 11 at ions in (::.. V / 6A) x a re observed for B = 0° and l 5°,. 
-19-
,-1 
.,....... 
E 
u 
--
>< 
.,....... 
c::( 
<J 
;;:-
<l 
--
QJ 
CJ) 
C: 
rtS . 
£ 
u 
QJ 
u 
'° 4-
s... 
::s 
ti) 
........ 
OJ 
E 
::s 
r--
0 
> 
Q 4. 0 
2.0 
0.0 
oo 
-2 0 , . . 
-4. 0 
Figure, 2. 3. 
~-~-- ----~------- ~---
• 
= C) 0 
15° 
.30° 
45 ° 
60° 
' 45 C 90° 135 ° 180 ° 
Angle e 
. . . -~ Angular var1at1.ons of x-component of volume/surface 
r a ti o f o r d i ff e re n t ha 1 f not c h an g l es w i th v = l / 3 .: 
symmetrical loading. 
~20--
"' . 
( 
j 
Note that (AV/AA)x attained sudd~n jump ate~ 135° and its amplitude 
of 158. 467 cm in two ( 2) orders of magnitude 1 arg.er than the others. 
·Such a behavior, if not mode·lled properly in the finite elem·ent meth- ·· 
· od, would be regarded as inaccuracy of the numerical procedure. The 
crack confi·guration for S = 0° also revealed a large in.crease of 
(~V/~A) ate~ 135° as shown in Figure 2.3. 
X. 
Numerical values for (AV/AA)Y in the second of equations (2.17) 
are also obtained. 
cally in Figure 2.4. 
They are given in Tabl~ 2.3 and displayed graphi-
The largest p~ak of (~V/lA) occurs at e ~ 108° y 
and corresponds to s - 30°. For s = 0° and 15 °, the peak values of 
• 
(AV/AA)Y occurred ate - 45° as in contrast to those for (AV/lA)x in 
Figure 2.3 that occurred ate~ 135°. In ·genera 1 , ( 1 V / 1'1A) o·s c i 11 ates 
. . y 
mo re v i o 1 en t 1 y than ( ~ V / 6A ) f o r s ymme tr i ca 1 1 o ad i n g • 
. X 
Sk.e.10-Sy;nrne,t,uc.ctf Loacl[i1g. For the case of ske~v symmetrical load-
ing, reference is made to equations (2.18). Variations of (·~V/6A)x 
\·1 i th e from O O to 1 8 0 ° a re o b ta i n e d a n d p 1 o t t e d i n Fi g u re 2 . 5 w i th the 
data in Table 2.4. While t.he cutves for S = 0° and 15° attained their· 
minima ate~ 108° and varied sufficiently smooth withe, the others 
behaved differently. In particul.ar, a t\vo (2) order of magnitude in-
crease in (AV/AA)x occurred ate~ 126° for 3 = 30°. The other peaks 
are one order smaller in magnitude. 
U n61 i k e the data di s c us s. e d ea r 1 i e r , ( j_ V / ~ A ) f o r s k e \-J- s ymrne tr i c y 
load is better behaved except for its value at s ~ 90° and 99° for 
-21-
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symmetri ca 1 1 oadi n g. 
-22-
V 
15° 
3=0° 
1 
~ .-,. 
, .. :,,'.~~.;;-,~c--=;-~,· 
;·;-
e 
Angle 
(deg) 
0 
9 
18 
27 
36 
45 
54 
63 
72 
81 
90 
99 
l 08 
117 
126 
135 
144 
153 
162 
171 
1-80 
Table.2.3. 
oo 
2.00000 
2.11629 
2.54149 
3.66859 
8.00000 
32.97056 
- 5.79369 
- 3.55452 
- 2.95399 
- 3.02464 
-
4.00000 
-10.42030 
K 
8.00000 
2.50216 
l .. 41029 
.97056 
.74709 
.62147 
.54943 
.51176 
.50000 
' I 
Numerical values of ( ~V/ 8A) (cm) y 
• second of equations (2.17) for "" 1 n 
symmetrical loading an.d v = 1/3. 
Angle s (deg) 
l 
. 15° 30° 45° 60° 
' 
2.11162 2.59237 . 4.70460 -12.95826 
2.24113 2.78424 5.31151 -1·0 .. 34568 
2.72144 3.53772 8.44762 - 6.54610 
4.04803 6.03534 87.16317 
-
4.19005 
9.99814 43.74450 - 8.39443 - 2. '90859 
-18.27512 - 7.84177 - 3.89408 - 2. 1973 5 
-
5.08999 - 3.76796 - 2.60828 - l.79121 
-
3.28055 - 2.69498 - 2.07817 - 1 . 5634·7 
-
2 .. 76315 - 2.34032 - 1 . 86962 - 1 . 45487 
-
2.82307 ·- 2. 37395 - 1 . 87 529 - 1 .44249 
" 
-
·3. 64630 - 2.89084 - 2. 12442 - l.53005 
- 8. 2406.0 - 4.97077 - 2.87299 - 1.75506 
10.21199 166·. 26888 
-
5.78488 
-
2.22889 
2.70092 3.81893 24.47677 - 3.31188 
1 
1 .47807 l . 82946 3.65886 
l . 00635 1 . 19640 2. 00001 
l • 
. 77148 .90785 
.64175 
.57018 
·-' 
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l.. 
.. --~------~~~----:-. ~-~,...,-;--· ~,.........,-,-.~-----------:--~----,--,,-----------------
Angle 
e (deg)·· 
0 
9 
r 18 // 
27 
36 /, 
45 
54 
63 
72 
81 
90 
99 
l 08 
117 
126 
135 
144 
153 
162 
171 
180 
I 
Table 2,4. Numerical values of (!1V/tA)x (cm) 
in first of equations (2.18).for 
skew-symmetrical loading and v 
= 1/3. 
Angle s (deg) 
oo 15° 30° 45° 
-
• 4·00.00 
- .41570 - .48625 - .72360 
- .40749 - .42296 - .49475 - .73858 
- .43102 - .44568 - . 52141 - .78634 
-
.47414 - .. 48697 - .57012 - - .87682 
-
. 54391 - .55299 - .64873 - l . 03246 
- .65345 - .65478 - .77197 - 1.30437 
- .82708 - .81210 - .96817 - l .82776 
- l . 11154 -1 .06099 - 1..29582 - 3.09593 
-1.60000 -1 .46869, - 1.89119 - 9.33467 
-2.47504 -2.15744 - 3.13755 11.25427 
-4.00000 -3 .30198 - 6.54065 3.91793 
-5.90382 -4.86043 - 26.01128 2.59813 
-6.19293 -5.77839 45.39916 2.11111 
-4.5731.4 -5.00465 32.76149 1.92075 
-3.05438 -3. 62461 -147.69742 1.89466 
-2.12915 -2.58257 - 12.46127 2.00000 
-1.60000 -1.93325 
-· 
5 .. 62040 
-1 . 294·36 -l'.54123 
-1 • 11 923 -1.30590 
C:> 
-1 .02825 
-1.00000 
-25-
60° 
- 1.00000 
,:.: l .• 0 2 51 7 
- l. l 0.713 
- l.26970 
- l. 57421 
- 2.19814 
- 3.89368 
-19.29589 
6.70279 
2.97565 
·2. 00000 
l . 57696 
1.36263 
l . 25449 
" 
• 
a= 60°. This can be seen from·the graph in Figure 2.6 and the numer-
ical d~ta in Table 2.5. What these results indicate is that interac~ 
tion bet\veen load and geometry can have a great influence on the sin-
gular behavior of the solution in elasticity. 
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Angle 0 
-
" 
• 
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Angular variation of y-component of volume/surface 
r a ti o f o r d i ff e rent ha l f no t c h a ·n g l es ·w i th ') = 1 / 3 : 
skew-symmetric loading. 
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Angle 
e (deg) 
0 
9 
18 
27 
36 
45 
54 
63 
72 
81 
90 
99 
108 
117 
126 
135 
144 
153 
162 
171 
180 
Table 2.5. 
• 28571 
. 28951 
.30120 
.32164 
.35230 
.39521 
. 452·68 
.52641 
.61538 
.71223 
.80000 
.85515 
.86097 
.82057 
.75335 
. 68042 
.61538 
.56415 
.52813 
.50696 
.50000 
Numerical values of-{fjV/t1A} (cm) 
' . y . 
in second of equation~ (2 .. 18) for 
skew-symmetrical- loading and v 
= 1 /3. 
J 
15° 
• 61407 
.29724 
.30828 
.32749 
.35608 
.39569 
.44815 
.51480 
.59493 
.68329 
.76755 
.82936 
.85247 
.83346 
.78377 
.72087 
.65908 
.60649 
.56633 
Ang 1 e B ( deg ) 
30° 45° 
.66297 .72360 
.33099 .42482 
.34271 .44020 
.36310 .46718 
.39347 .50799 
.43566 .56604' 
. 4 91 91 .64636 
.56443 .75585 
.65412 .90324 
.75831 1.09752 
.86739 1.34271 
.96298 l. 6.2573 
1 • 02252 1.90000 
1 . 03148 2.08607 
.99327 2.11775 
.92571 
.84895 
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60° 
.57143 
.50621 
.52542 
. 5594·1 
.61153 
.. 68732 
.79565 
.95073 
1.17535 
1.50616 
2.00000 
2.73322 
3.75759 
4.92942 
. . ·- ~-·=·~ . 
.. 
\· 
r 
It; .. . 
.. 
III. STRAIN ENERGY DENSITY FAILURE CRITERION 
• I 
I 
Since the notch tip stress singularity is not of the inverse 
square root, the coefficient of the singular stresses in equations 
' (2.1) should not be referred to as the stress intensity factors as in 
linear elastic fracture mechanics where 
kl - 12 lim Ir a (r,e) e=O 
r-+O y 
k2 = /2 lim Ir axy(r,e) e=O 
r-+O 
( 3. l ) 
I} 
Only the first of equations (3.1) can be associated \vith the enerqy 
release rate quantity: 
G = 
TI(l-v2 )kf 
E (3.2) 
such that G has the units force length divided by lenqth while the 
units of k1 are stress times the square root of length. The quantity 
k2 associated with skew-symmetric loading has no interpretation in 
terms of energy release rate as shown by equation (3.2) because the 
crack does not grow i n a s el ·f - s im i l a r ma n n er u n de r i n -p l a n e s he a r . 
* * Even though the notch tip stress coefficients k1 and k2 can be ob-
, 
tained from ay and axy in equations (2.1) by removing the notch tip 
stress singul~tities as 
-29-
J 
---- - ------------. 
, ,I -. 
.. ~ 
(3.3) 
1-y 
* . min 
· k2 = 12 l1m r cr (r,e)js=O r-+O xy 
they have no interpretation in terms of energy release rate. A sym- -~ 
metrically loaded crack fails self-similarly as illustrated in Figure 
3.l(a). This is in contrast to the symmetrically loaded notch which 
(a) Self-similar crack 
growth 
A 
I 
(b) Non-self-similar 
cracking 
Figure 3. l. Failure of symmetrically 1-oaded crack 
and sharp notc.h. 
will fail in cracking for those materials that deform according to 
linear elasticity. Refer to Figure 3.l(b). * * When both k1 and k2 are 
present, the ·direction of fracture initiation is n·o lon·ger obvious and 
cannot be assumed as an a priori. A criterion is needed for its de-
termination. To this end, the strain energy density criterion which 
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has been applied successfully ·for analyzing the failure of structural 
' -
members with or without .initial defects can be applied. 
3. 1 Yielding and Fracture 
b 
Failure by fracture is always preceded with some distortion of the 
~aterial or yielding at regions of high stress concentration such as 
the notch tip. The direction of yielding and fracture can be deter-
,mined simultaneously from the ·stationary values of the strain energy 
' density function. More precisely, yielding refers to permanent change 
jn a local region undergoing excessive distortion while fracture is 
associated with excessive dilatation. They occur· in tandem sequence 
and never at the same time or l oca ti on at a given 1.5 c.al.e f~vilf of ob-
( 
servation. That is, the location where macrodi:latation dominates may 
' 
contain microdistortion but cannot, at the same 'time, be dominated by 
macrodistortion at the same location. This seemingly self-evident 
,. statement, \vhen enforced consistently, avoids any possible ambi.guity 
a n d m i s con c e p t i on i n fa i 1 u re a n a l y s i s . The f o 1 l O\v i n g t vlo h·y po t h es es 
[6,7] may be applied to analyze notch failure: 
Hypothesis I: Locations of yield and fracture initiation are as-
sumed to cbincide, respectively, with the maximum df the maximum 
strain ~ensity function ( d~J/ dV )max energy 
max 
strain energy density function ( d\~/ dV )m~x 
min 
lar space variable. 
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and maximum of 
\vi th reference 
·~, ::~ ... 
' 
the 
to. 
• • m1n1mum 
the angu-
' 
\ 
\ 
1· r•--·-
Hypothesis. I I: Failure by yielding and fracture is assumed to oc-
. ( )max ( )max cur when dW/dV max and dW/dV min reach their respective critical 
values, (dW/dV)P and (dW/dV)c. 
The statio.nary values of dW/dV in a system may have numerous maxima· 
and minima. It is, therefore, the maximum among the many maxima and 
minima that first reach the threshold. This is illustrated in Figure 
3.2 tn which the pair (dW/dV);:: and (dW/dV);;~ is unique and has spe-
cific physical meanings. The peak of (dW/dV)max refers to yield be-
>., 
.µ 
•,--
(/') 
s:: 
Q) 
-0 
>., 
01 
S-
Q) 
C 
QJ 
s:: 
•r-
ro 
S-
.µ 
V) 
Lo cat i on of ___________ .,.__ 
yield initiation 
0 
dW max 
(dV) 
max 
· di~ max 
(dV) . 
min 
~-- Location of 
fracture 
initiation 
Space variable 
Figure 3.2. Fluctuation of strain energy density function. · 
with space variable. 
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cause shape alteration associates with small volume change. Thi·s 
makes the quotient dW/dV a 1tel.at.ive maxhnwn • . On the other hand, volume 
change increases the denominator of dW/dV and makes d~J/dV a Jr..eta:ttve 
minimum or (dW/dV)min which is related to fract1.1re. These relative 
changes of (dW/dV)max and (dW/dV)min can be associated with elements 
around the notch tip region, Figure 3.3. 
y 
dW max . . £" ,? (dV) : D1re~t1on 
~ max ·of yield 
initiation 
/ dW max 
(dV) . : Direction 
min of fracture 
initiation 
Figur·e 3.3. Distortion and dilatation ahead of notch tip 
under general loading ·conditions. 
Another important feature of the strain energy density criterion 
is that it predicts yielding to occur before fracture because 
(dW/dV)max is always greater 
max 
while (dW/dV)p is always less 
( I . )max than di,J dV min 
th.a n ( d W / d V ) c • 
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as shown in Figure 3.2 
Thfs condition is im-
' 
··~ 
o-' 
. ! 
) 
• 
p.lied in Hypothesis II. The uniaxial stress and strain curve in Fig- -
ure 3.4 clearly shows that the area under the curve opq being equal to 
• 
f 
I 
I 
V) f 
V) I a; 
S-
.µ I 
V) 
a; I 
I Yield point 
::,· 
S- I I 1--
I I 
I I 
I I 
I 
r: 
' 
0 q g 
True strain 
Figu·re 3.4. Schematic of true stress and true strain curve. 
(dW/dV)P is necessarily smaller than ofg 11hich is equal to (dW/dV)c. 
If the thresholds (dW/dV)p and (dW/dV)c are displ~ed on the plot in 
Figure 3. 2, it is apparent that as the 1 oad is increased, ( dW/ dV)~!~ 
would first reach {dW/dV)p followed by (dW/dV)~f~ reaching (dW/dV)c at 
a later ti me. Th i.s shows that ~1{efd-i..,1g cttLt'a£t,!) tJ.te.c.ede6 Sitac.tuJte a>1d 
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3.2 Volume Energy Density Factor 
It is also possible to define a volume energy density factor S for 
~ . . 
notch problems even though the order of stress singularity for both 
symmetric and s:kew-symmetric loading are different. If m = 2A . • -1 1 m1n 
and m2 = 2ymin-l' then equation (2.10) can be written in general as 
dW _ S(r,e) 
dV r ' r -+ 0 (3.4) 
in which 
S(r,e) (3.5) 
Unlike the case for a crack, the strain energy density factor in equa-
, tion {_3.5) for the sharp notch depends on the distance r 0 • It, how-
ever, can still be interpreted as the area r x (dW/dV) as shown in 
Figure 3.5 or equation {3.4) for a fixed distance r. 
In terms of the stress components ax' ay' etc., dW/dV takes the 
form 
~~ - 1E (a2+cr2+cr 2 ) - vE (cr cr +cr cr +cr a) 
.· X y Z - X y y Z Z X 
l + (a2 +a2 +a2 ) 2µ xy xz yz (3.6) 
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.· . I '" 
~ 
• 
l 
.,... 
Vl ~·~~~~~~ (dW/dV) 
-0 
~ 
O'> 
S-
Q) 
C: 
w 
r 
.Distance r 
Figure 3.5. Decay characteristics of volume energy density 
function near notch tip. 
For plane strain, axz = ayz = 0 and the condition in equation (2.2) 
may be applied to yield 
(3.Z) 
As r-+ O, it suffices to take the leading term for'\' cry and axy in 
equations (2.1) with A1 == Amin and yl = Ym;n· The results are 
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\. 
+ (y1-l)sin(y1-3)e] + ... 
+' ( :\ l -1 ) COS (. 1 l -3 ) 8] (3 .8) 
- (y1-l )sin(y1-3)e] + .•. 
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Substituting equations· (3:8) into (3.7) an~_the results subsequently 
into equation (3.4) with the use of equation (3.5), s .. (e) (j = 1,2) lJ 
are obtained: 
(3.9) 
+ {y1-l)(A1-l)]sin(A1-y1)e - {y1-l)(A1cos2a+cos2A1a) x 
- 2(y1-l)cos2e]} 
For a craC'K, A1 = yl = O. 5, equations ( 3. 9} simplify to 
(3.10) 
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* in which k. = k. (j = l ,2) become the stress intensity factors. The 
J J 
coefficients.a .. (i,j = 1,2) are given by [7]. 
t • lJ 
l 
a11 = 16µ [(3-4v-cose)(l+cose)] 
a12 = ,!µ [2sine(cose-1+2v)] ( 3. 11 ) 
a22 = ,!µ [4(1-v)(l-cose) + (3cose-l)(l+cose)] 
Hypothesis I may be·\applied to find the direction of yield ini-
tiation, ep' and fracture initiation, -e 0 as shown in Figure 3.3. 
This can be done by selecting a fixed r, say r0 , and differentiate· S 
in equation (3.5), 
aS(r0 ,e) _ 0 
88 
• 1 • e. , 
such that the condition 
would give ·the direction of fracture initiation and 
-39-
(3.12) 
( 3 .. 13) 
(3. 14) 
... . .. 
I. 
'' 
giv~s the direction of yield initiation. The dependency qf Son r is 
' 
' 
~anifestation of the difference between m1 and m2 which also change 
' . 
with the half notch angles. What this means is that the location of 
" 
failure changes with the notch angle. This is illustrated in Figures 
3.6(a) to 3.6(c) for the case of symmetric loading. The maximum dis-
fs -- oo 
r max 
(a) Crack 
f 
D 
f 
t 
D 
i 
r 
(b) Notch 
s - goo -
i 
I I 
• 
r = 0 
(c) Half-plane 
Figure 3.6. Location of failure near notch tip 
for symmetric loading. 
tance corresponds to a crack for s = 0° w:hi1e the minimum distance is 
that of a half-plane withs= 90° where failure takes place on the 
boundary of a half-plane. 
3.3 Direction of Failure Initi·ation by Fracture 
Having proposed the strain energy density criterion for predict-
ing the direction of failure initiation by fract·ure, it is possible to 
apply equations (3.12) and (3.13) for cases where the load may not be 
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symmetric about the notch. To be more specific, the special case of 
* * skew-symmetric loading where k1 = 0 and k2 f O will be cons.idered. 
* Sbl.aJ.Ji Ene.n..gy Ve.JULttj C!Llte.tc.ion. Letting k1 = 0 in equations 
(3.9), s22 (e) is the only nonzero term and hence Sin equation (3.5) 
reduces to 
S(r,e) (3.15) 
Substituting equation (3.15) into (3.12) with the aid of the last of 
equations (3.9), the angles of failure initiation by fracture can be 
found from the equations 
(3.16) 
Two sets of angles +D 0 are found that correspon.d to S satisfying the 
/ 
., con d i ti o n i n e q u a t i o n ( 3 • l 3 ) • ,. Acco rd i n g to t he co n v e. n t i o n i n Fi g u re 
2.1, -d would correspond to positive in-plane shear load and e to 
, 0 0 
negative in-plane shear load. The numerical values of e are given in 
0 
Table 3.1 for')= 0.1,. 0.2, ••• , 0.4. Variations in e are more pro-
o 
nounced with the Poisson's ratio 'J and are not so much affected by the 
notch angle. 
Afa.xvnLun C-i/tC.Lunt;e.1eJ1tic.1-£ Stcc.S6 Ct,Lte/~ion. It is of interest to 
compare the predictions on 0 with the criterion of maximum circumfer-o 
ential stress. To thi·s end, the stress components ax, a and a in y xy 
-41-
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Table 3.1. 
Poisson 1s 
Ratio v 
oo 
Angles of failure initiation 
for skew-symmetric.loading: 
density criterion. 
by fracture 
strain energy 
Half notch angle B (deg.) 
50. 10° 15° 30° 45° 60° 
0 • 1 + 7 4 • 53 3 9 9 + 7 5 • 0 7 91 2 ± 7 5 • 5.0 3 7 5 + 7 5 • 82 2 4 0 +7 6 • 2 7 3 7 8 + 7 6 • 2 55 0 5 + 7 4 .-8 2 3 0 5 
' ' ' 
0.2 +78.46304 +78.81662 +79.08737 +79.28414 +79.52035 +79.43929 ±78.31432 
,· 
0 • 3 + 8 2 • 3 3 7 7 4 +8 2 • 5 3 6 0 6 + 8 2 • 68 3 3 6 + 8 2 .. 7 8 4 7 2 +8 2 . 86 6 3 7 +8 2 • 7 5 9 9 9 ±81 • 9 6 5 6 5 
0.4 +86.17745 +86.25717 +86.31317 +86.34752 +86.34495 +86.26009 +85.83352 
equation (3.8) will be transformed to the cylindrical polar coordi-
. nates rand e such that or and 0 8 would be directed in the radial and 
circumferential direction while ore would be the shear stress compo-
nent. The re.sults are 
* k l 
- -
ll 
\ -1 
' 1 X r 1 
/) 
-
[ ( y.1 - 3 ) s i n ( ·y 1 - 1 ) e -
x sin( 11 +1 )e] 
+ (y1cos2a - cos2y1a)sin(y1+l}e] 
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" 
[ - ( yl +l ) s i n ( yl - l ) G 
'·· 1' 
' '· 
* kl Al -1 
crr· 8 (r,e) = -- Al r /7l " ' 
+ ( A1 -1 ) sin ( A1 -1 ) e] 
* k2 Yl-l 
- - Yr 
r7l 
) 
I . 
+ ( y, -l ) co S ( y l -1 ) 8] . 
<, 
[- ( 11.1 cos·2 a +· c·os 2 ;\.la) sin (Al+ l ) e A. · 
(3.17) 
in which rand e are the local coordinates in Figure 2.1. For the 
special case of cl=_ n and )i.l == yl = 1/2, equations (3.17) reduce to 
the ·corresponding results for a crack: 
a (r,e) 
r 
'* 
-
1
. [k1(3-cose}cos J + k2(3cose-l)sin JJ 2/Zr ' 
-
1 [ k 1 ( 1 +cos e ) cos ~ - k 2 ( 3 s i n e ) cos ~] 212r (3.18) 
where k. - k. (j - l ,2) are the wel 1-known crack tip stress intensity 
J J 
factors. 
To determine 
fices to set the 
the value of e or ·8 at which 0 0 is maximum, it suf-o ·. 
second of equations (3.17) aro t·o zero. This gives 
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v = 0.1 
.0. 2 
goo t---------------:0::--·-:3 __________ . _________ ~___.;,_~--------
0.4 
0 
<D 
I 
QJ 
r--
0'> 
C 
--
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--60° ._ 
. 
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--
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--
--
--
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--
--
'° 
C 
0 
. --
~ 40° -
•r-
..µ 
.,..... 
C 
.,... 
OJ 
s... 
:J 
..µ 
u 
re:, 
s... 
LL 
20° -
0 
-.....-..--
I 
15 ° 
Energy Density C.ri teri on 
Maximum Stress Criterion 
I 
' 
30° 45 ° 
Half notch angle, B (deg.) 
Figure 3.7. Comparison of fracture initiation angle 
obtained from energy density and maximum 
stress criterion for skew-symmetric loading. 
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60° 
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• 
. 
(cos2y1a - r1cos2a)cos(y1+l)e0 + (r1-l)cos(y1-l)e0 = O (3. 19) 
I 
r 
' 
The solutions for s0 are given in Table 3.2 which are independen-t of 
Table 3.2. Failure initiqtionangles for skew-symmetric loading: 
maximum circumferential stress cfiterion.· 
Half Notch Angle 
s (deg.) 
-.. •. 00 
-----·. ,. 
50 
10° 
15° 
30° 
45° 
60° 
Crack Initiation Angle 
e0 (deg·.) 
+70.52878° 
+68.78061° 
+66.99786° 
+65.18344° 
+59.57443° 
+53.75789° 
+51.99795° 
J 
material constants. A comparison of the predictions on e0 from equa-
tion (3.16·) for the strain energy density criterion and equation 
(3.19) for the maximum stre.ss criterion are made graphically in Figure 
3.7. Extreme care, however, should be given to the interpretation of 
the data before any conclusions are made with reference to experi--
ments. This is because the values of e0 in Tables 3.1 and 3.2 make no 
reference to the distance r from the crack tip at which e0 is .deter-
mined. Because the crack trajectory emanating from the tip is curved, 
e0 can change appreciably with rand ·the difference would overshadow 
the discrepancies between the res u 1 ts ·; n Tables 3. l and 3. 2. Refer to 
the. early discussions [23,24] on t·his subject. 
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. -rv. FINITE ELEMENT FORMULATION 
The method of finite element involves discretizing the continuum 
into a finite number of subdivisions with irregular shapes. Isopara-
. 
metric map1ping can be employed such that the subdivisions will appear 
uniformly as unit cubes in the mapped region. This approach simpli-
fies the bookkeeping of nodal point coordinates. Since the procedure 
[25,26] is already well known, only a brief descri_ption .of the numeri-
cal analysis will be given. 
4.1 Shape Functions 
For two dimensional geometries, it suffices to use the 12 nodes l' isoparametric element which is irregularly-shaped in the physical. 
plane, Figure 4.l(a). The coordinates of the element in the mapped 
plane are,= +land n =+lat the corner nodes. This is shown in 
Figure 4.l(b). The side nodes are evenly placed at 1/3 of the dis-
tance from the corners. A salient feature of the transformation is 
th a t the same s hap e f u n c.t i on s N i ( , , n ) ( i = 1 , 2 , • • • , l 2 ) ca n be u s e d to 
relate the coordinates (x,y) and displacements (ux,uy) to their corre-
sponding nodal values~ say (x1,yi) and [(ux)1,(uy)i]. The following 
expressiqns, therefore, prevail: 
12 
X -- 'i N.(;,n)x. 
.LJ l· 1 i =l 
(4. l ) 
12 
y = ~ N.(s,n)Y,· 1 . i=l 
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I 
j 
10 
l l 
\ 
----· -·-· ----.-------0 
n 
8 7 
6 
0 
__ .__ 
3 
~-----
-- --..-- X, UX 
y 
l n 1 1 ) (- 3' (3, 
(-1,l) 10 9 8 ----·- -.------.--- • 
1 (-1, 3) 1 1 
1 0 ( -1 ' - ~) 12 3 
(-1,-1) 
-----c-'-:---:.........- ---·---· .. --~____...·----~.
 
0 
l ) 
7 ( 1 , l ) 
6 l ( 1' 3) 
~ l ( 1 ' 5 - -) 3 
( 1 , - l ) 
-------x 
(a) Physical plane (b) Transformed coord
inates 
Fi gu r·e 4. l • Coo rd i na tes of 12 node i sopa rametri c el emen-t in phys teal 
and transformed plane. , 
.~ . 
.-
The same applies to- the displacements: 
12 
uy = I N1(~,n)(uy)i i =l 
The s hap e f u n ct i on s . N; { t; , n ) ( i = 1 , 2 , • • . , 1 2 ) a re g i v en by 
..... 
N5 = ~2 (l+t)(l-n 2 )(1-3n} 
N6 = ~2 {l+t)(l-n2 )(1+3n) 
" 
N8 = ~2 (l+n)(l-~ 2 )(1+3~) 
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(4.2) 
. N9 = ~ {l+n)(l-(2 )(1-3() 
.. 
9 N12 = 32 (l-()(1-n2 )(1-3n) (4. 3). 
4.2 Strains and Stresses 
Once the displacements are known, the strain components may be ob-
tained ·from the displacement gradients: 
au 1 • 
r X l . I 
I E: ' 3X ji X • ! i 
8U 
{E} - E - y (4.4) - ( -y ay 
-
t 
I 
I l ·3U 3U ! 
j ' ! X + 
y / y t i l · xy i L3Y 8X I I 
I.- -J, 
Substituting equations (4.2) into .equations (4.4) and writing the re-
sult in matrix form, it is found that 
{ s } = [B J { u } (-4. 5) 
in which 
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,_,__ - . ·-- "·--··--·---~------
aN . 
.. 1 0 ax ' 
aN. ['B .] - 0 , {4.6) , 
' ay 
aN. , aM. l 
ay ' ax 
In equation (4.5), {u} is the displacement vector defined as 
-
{u} (4.7) 
For a linear elastic, isotropic a·nd homogeneous medium, the material 
matrix 
[DJ -
l -·v, \J , 0 
E (l +\)) ( 1- 2 V) \) ' l -v' Q 
0 ' 0 
' 
l -2v · 
2 
(4.8) 
for plane strain can be used to relate the stress {a} and strain {s} 
- -
as fo 11. O\vs : 
{cr} - [D]{E} (4.9) 
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4.3 Governing Equation 
The finit~ element method. relies on application of the theorem of 
minimum potential energy that is based on the principle of virtual 
work. It provides a good approximati~n for the displacement field at 
the expense of the stresses as in contrast to the theorem of minimum 
complimentary e.nergy that gives emp'hasis on the· variation of the 
stresses. This difference in variational calculus should be kept in 
~ 
,• 
mind when interpreting the end results o.b.tained from finite element 
in addition to·the other approximations mention.ed earlier. 
Application of the standard finite element procedure [23,24], the 
governing equation of motion can .be written in the form 
,b 
[M]{Ll} + [K]{u} - {F} (4. 10) 
-
with [M] being the mass matrix. The equivalent load matrix {F} is 
-
{F} ( 4 . 11 ) 
Here, Fb and Fs are, respectively, the body and sur~ace force vector. 
-
The stiffness matrix [K] in equation (4.10) is given by 
------·""'II 
[K] = ff [B]T[D][B]hdxdy (4.12) 
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where his the thickness dimension of the plane body. Computatiog of 
- -[K] is carried out in te.rms of the variables ~ and n such that equa-
tion (4.12) is expressed as 
p 
l 1 
[K] = J J Q(~,n)d~dn 
-1 -1 
in which 
Q{~,n) - [BJ1[D][B]h det[J] 
Use is made of the Jacobian 
-3X ~ 
a~' a~ 
'. I (4.13) 
(4. 14) 
[J] = (4.15) 
ax ay 
an' an 
whose. inverse is . 
-
(4.16) 
ax 
- -3n' 
for transforming dA in terms (x,y) to (~,n) as 
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dxdy = det[J]d~dn · (4.17) 
In view of equati.ons (4.1) and (4.2), equation (4.15) may also be 
written as 
12 aN. I , 
i==l a,; xi, 
12 3N. 
\ 1 -y 
l d t" ; 
. i=l s 
-/ 
[J] = 
12 aN. 12 aN; 
I 1 I an X. ' 3n y. i=l 1 i=l 1 
Change of i ndepende.nt variables can be made by means of 
aN. 
. 1 
at; 
aN·. 
1 
II d N. . 
= [J] 
1 
ax 
3N. 
1 
ay 
The inverse of equation (4.19) is 
aN .. 
. 1 . aN. 1 
3-X a~ 
-
[J]-1 
-
aN. 
l 
aN .. , . 
ay an 
\, 
(4 .18) 
(4.19) 
(4.20) 
The Gauss-Legendre quadrature scheme is applied to compute [K] 
numerically. This procedure assumes that 
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(4.21) 
Sixteen (16) Gaus~ian points can thus be embedded in each of the 
twelve (12) node isoparametric element such that 
~2 = -~3 = 0.339981043584856 
~, = -~4 = 0.861136311594053 
n2 = -n3 = 0.339981043584856 
n1 = -n4 = 0.861136311594053 
The values H. (j = l ,2, ... ,4) in equation (4.21) are 
J 
-H1 = H4 = 0.347854845137454 
H2 = H3 = 0.652145154862546 
(4.22) 
(4.23) 
As the numerical values of {u} are obtai-ned from -equation (4.10), the 
-
quantities of interest such as {E} follows from equation (4.5) while 
-
{a} follows subsequently from equa.tion (4.9). 
"" 
4.4 Uneven Spaci·ng of Side Nodes 
The way with which the displacement gradients behave in the vicin-
ity of a crack tip can be altered by· adjusting the spacing of the 
neighboring side nodes. For the case of the eight ( 8) nod.e i sopara-
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metric finite element, the midside nodes may be shifted to the quarter 
point nearest th_e era.ck tip to yield the 1/lr singular behavior of the 
displacement gr~dient [12]. The same can be. achieved for the twelve 
... 
(12) node isoparametric element by shifting the intermediate nodes to 
the l /9 and 4/9 positions nearest the crack tip L[,·13]. 
For .the sake of illustration, suppose that the crac·k tip is lo-
cated at~= -1 and n = -1 as shown in Figure 4.2. The coordinates x. 
J 
Crack x, j ] 
-1 
Figure 4.2. 
--Position .of 
n-axis 
x2 X3 , x4 
1 l 1 
- - 3 3 
Crack tip with reference to side 
of a twelve (12)-node isoparametric 
finite element. 
~ at n -· -1 
and· displacements u. (j = l ,-2, ... ,4) for the four node·s in Figure 4.2 
J 
can be related, respectively, to the coefficients a0 ,a1 , ... ,a3 and b0 , 
b1 , ... ,b3 in x and ux as follows: 
x = a O + a 1 i;; + a 2{ 2 + a 3 i: 3 ·· 
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(4.24) 
- __ ,l ,, . 
q,, ( . 
.. 
and 
... 
(4.25) 
The coefficients a0 ,a1, .•. ,a3 in equation (4.24) are 
(4.26) 
with x1 = O. The coefficients b6 ,b1_, ... ~b3 in equation (4.25) take 
the values 
( 4. 27') 
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The 1 /9 and 4/9 Shi.it. Differentiating x with reference to. ~ and 
setting the result dx/d~ = 0,. it is found that 
( 
(4.28) 
Making use of equations (4.26) and (4.28), x in equation (4.24) may be 
expressed in terms of x2 and x4: 
X 
X = l : [ ( 1 + 27 X 2 ) + ( 5 . 2 7 X 2 ) ~ + ( 7 - 2 7 X 2 ) ~ 2 + 3 (1 ... 9 X 2 ) E; 3 ] 
The displacement gradient ,du/dx c.an thus be computed: 
du_ du dt _ b1+2b2~+3b3~ 2 
dx - of clx - a1+2a2~+3a3~ 2 
w hi' ch i s a quad r i c· f u n ct i on of ~ • As x -+ 0 , du/ d x -+ l / }'X for 
4 X = -3 .· 9 
such that 
.X4 
x = 4 (1+~) 2 or E; = -1 + 2/x/x4 
(4. 29) 
(4.30) 
(4.31) 
(4.32) 
The. 1 /27 an.d 8 /27 Shi6t. If a0 is set equal to a3 in equati ans 
(4.26), then the following result is obtained 
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l 
,x2 = 27' 
8 
X3 = 27 
Equation (4.29) becomes 
X4 
x = (1+~) 3 or 8 
( 4. 33) 
., . ( I )l/3 ( = -1 + 2 XX .. 4 (4.34) 
This corresponds to the case of du/dx being proportional to x-213 as 
X-+ 0 [15,16]. 
GenVta£ CoJU.ldeJta:tlon. The results in equations (4.31) and (4.33) 
sugg·est the .general form 
(4.35) 
in which k is a positive integer. The near crack tip behavior of 
du/dx can be written as 
du s dx 0., X' X -+ 0 (4.36) 
I 
Table 4.1. Qisplacement .gradient behavior for different k. 
Exponent Exponent 
k ' 
l l 
2 - 1/2 
3 - 2/3 
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' Other combinations of (x2,x3) or positi~e integers of k ~ay be 
found to yield different values of s by including higher order·terms 
of ~· in equations (4.24) and (4.25). This, !·however, is beyond the 
scope of this work. 
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V. PROBLEM STATEMENT: SYMMETRIC AND SKEW-SYMMETRIC LOAD 
/ 
Having discussed the notch tip"singularities,in Chapter II, the 
finite element technique presented in Chapter IV will be applied to 
solve two numerical examples. - In addition to computing for the 
stresses and volume energy densities near the notch t·ip for different 
angles B, the rate change of volume with surface (AV/AA)j for j = x,y 
as defined in equations (2.11) w·ill also be obtained from the finite 
element method so that their dependency on rand e can be checked with 
the theoretical values in Tables· 2.1 and 2.2 for symmetrical loading 
and Tables 2.3 and 2.4 for skew-symmetrical loading. The deviat.ions 
would account for the approximations introduced in the numerical anal-
• ys, s. 
5.1 Geometry and· Material 
Consider the two dimensional region A in Figure 5.1 for symmetric 
loading and in Figure 5.2 for skew-symmetric loading. The rectangular 
boundary I has the dimensions of b :< 2h. A state of plane strain will 
be considered such that equation (2.2) is satisfied. All elements in 
A will be referred to the coordinates (x,y), the brigin of which coin-
\ 
ci-des with the notch tip. The ha 1 f fl an k angle of the. notch is S and 
a is the distance from the notch tip to the specimen edge. 
The notched panel is made of 4340 steel with the following mechan-
i ca 1 _properties : 
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_ Surface E 
h 
r 
~a- Region A 
h 
4340 Steel 
--------"----~--"------"' 
ao 
I . b 
-I 
Figure 5.1. Schematic of notch body for symmetrical load 
in plane strain. 
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.h 
4340 Steel 
. 
b 
Figure 5. 2. Schematic of notch body for skevr-syn1n1etri cal load 
in plane strain. 
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cry - 1496. 2 MPa, (J - l ,654.8 MPa, - -u 
(5 .1 ) 
E 206.85 3 0.3 - x l O MPa, V = -
where cry and cru are, respectively, the yield and ultimate strength 
while E and v are the Young's modulus and Poisso.n's ratio. Since the 
analysis will be based on the linear theory of elasticity, an equiva-
* lent ultimate stress au - 2,068.5 MPa is defined so that stress and 
* strai:n would follow the straight line OPA instead of the curve OPA as 
shown in Figure 5.3. The slope of this line is establ·ished by equat~ 
* ing the area APA to that between the points O and P. The same ulti-
mate strains = 0.0113 cm/cm is kept at B~ In this same ultimate 
u 
strain, the area unde:r the curve or the straight line would yield the 
same critical strain ene~gy density fun·ction (dW/dV)c. This yi·elds 
(5 .2). 
As discussed earlier, the criterion of strain energy density [6,7] 
would pr·edict failure at the site where (di~/dV) . r·eaches (dW/dV·) . m1.n - - c 
5.2 Grid Pattern 
Regardless of whether the load is applied symmetrically or skew-
symmetrically across the plane along whi-ch the notch is centered, only 
one-half of the region A needs to be con·sidered. The finite element -
method will be appli-ed to obtain numerical values of the displace-
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Cl.J 
S,... 
..µ 
V') 
0 
' 
* * au= 2,068.5 MPa A 
------
.--- ·- -· -
au - 1,654.8 MPa 
- - - -
A 
B 
Strain E su - 0.0113 cm/cm 
Figure 5.3~ Equivalent linear stress-strai-n curve 
for 4340 s.te·e l a 11 oy. 
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ments, stresses and energy densities. Because of symmetry, it suf.:.. 
fices to discretize only the region .A for y > o.-. A total of 28 ele-
-
ments and 171 nodes were used for the crack configuration with s = 0° 
as shown in Figure 5.4. The nodes on the side adjacent to the .crack 
were shifted by the distances 1/9 and 4/9 so that the 1//r stress 
singularity-would be preserved. An enlarged view of the elements 
around the crack tip region i~ shown in Figure 5.5. The one-half sym-
metry grid patte~n for S = 15°, 30°, 45° and 60° is displayed in Fig-
ure 5.6 which contained 30 elements and 181 nodes. Smaller elements 
are used near the notch tip beca.use of the high elevation of stress 
and energy, an enlarged view of which can be found in Figure 5. 7. The 
grid patte-rns in Figures 5.4 to 5.7 inclusive are the same for both 
symmetrical and skew-symmetrical loading. 
5.3 Rate Change of Volume with Surfac~ 
As mentioned earlier, the quantities (6V/tJ.A). (i = x,y) near the 
1 
notch ti.p can be used to provide information on the accu.racy of the 
numerical results because their exact solutions can be obtained from 
the theory of elasticity. Equations (2.17) and (2.18) are the exact 
asymptotic values of (6V/.6A); for symmetrical and skew-symmetrical 
loadin.g, respectively. 
SymmetJilc. Loacllng. To begin with, the n ume r i ca 1 values of 
(6V/6A). {i = x,y) will be obtained for symmetrical loading. Di.s-
. .. 1 
played in Figures 5.8, 5.9 and 5.10 ffre plots of {~V/6A)x versus e 
from 0° to 180° for r/a = 0.05, 0.10 and 0.15, respectively. The cor-
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Figure 5.4. Numbering of elements and nodes for B - 0° (crack) 
with one-half symmetry and skevJ-symmetry. 
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Figure 5.5. Numbering of elements and nodes for enlarged crack tip region ' 
with one-half symmetry and skew-symmetry. 
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Figure 5.6. Numbering of elements and nodes for B = 15°, 30°, 
· -45° and 60° with one-half symmetry and: skew-
symmetry. 
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Figure 5.7. Numbering of elements and nodes for B = 15°, 30°, 45° and 60° 
with one-half symmetry and skew-symmetry. 
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responding numerical data are given in Table 5~1. A general trend of 
these curves is that they all decrease slowly at first and then 
acquire a violent oscillatory character as the flank of the notch at 
e :,.., 180°-S is approached. This effect is more wide spread at the im-
mediate vicinity of the notch tip, ,.i.e., for r = 0.05a. At a distance 
r/a = 0.1, the curves for different s tend to come together as those 
' 
in Figure 2.3 obtained analytically from the asymptotic solution. gi.ven 
in the first of equations (2.17) which is known to be exact at r/a 
= -0.1 for B = 0°. Comparing the numerical values of (~V/~A).x in Ta-
bles 2.2 and 5.1, it is seen that the discrepancies between the ana-
lytical and finite element results become appreciable with increasing 
e. Ase approaches 180°-B or for elements near the notch boundary, 
the finite element results become erratic. Moving further away from 
the notch tip region for r = 0.15a, the variations of (~V/~A) withe 
. X 
become more stabilized for all 3 and approach even closer to the 
asymptotic behavior in equation (2.1·7). This is shown by the curves 
in Figure 5.10 and the numerical data in Table 5.1. The asymptotic 
solution in equation (2.17) is thus identified with r/a ~ 0.15. 
Similarly, (AV/~A)Y may be calculated from the finite element pro-
cedure for different half flank a.ngle 3 and r-atios of r/a. Referring 
to the curves in Figures 5.11, 5.12 and 5.13 that correspond, respec-
tively, tor/a= 0.05, 0.10 and 0.15, the conclusions obtai·ned for 
(AV/AA)x applies also to (~V/jA)Y. Near the notch tip at r/a = a.as, 
the results a~e more sensitive to changes in the notch flank angle .. 
. . . . 
This is illustrated in Figure 5.11 in which the curves are more ·w.ide 
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Table 5.1. Finite element sol utfon of (11V/~A)x (cm) 
for symmetrical loading with v = 1/3 and 
di ff ere n t s· and r / a ratios . ~ , . 
Angle 
e (d·egree) Half notch angle 6 (degree) 
oo 15 ° 30° 45 ° 
0 1.58780 l . 77.280 1.70500 1.30290 
9 ,· 1 . 61 21 0 1 • 616 90 1 .54880 l . 22920 
18 1.57920 1 • 44 71 0 1.34090 l . l 31 90 
27 l . 311 90 1 .17770 1.10650 . 9935 9 
36 . 9785 9 .88808 .83048 .82811 
45 .72520 .67043 .63933 .68265 
54 .65143 .61573 . 585 25 .61425 
63 .66358 .63065 . 5 97 4 3 .58769 
72 . 6 93 91 .66423 . 62761 .47038 
81 . 72 01 9 .69023 .52232 .26413 
90 .73464 . 615 02 .27968 .04690 
99 • 7 2 31 0 .41800 
-
• 3301 7 .05100 
.. 108- .63147 
- • 036 91 2.l6110 . 91 641 
11 7 
- . 211 92 2. 34290 1.09090 4.71700 
126 1.38110 1 . 69490 
-
• 554 7 9 1 0. 781 00 
135 1 • 04540 .48184 -2.01310 30.57800 
144. .65825 ,·66. 15 700 1 • 5841 0 
153 
- .65899 2.77240 
162 2.56490 1 .87600 
171 • 80282 
180 . 5 95 96 
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.... 
60° 
.95046 
• 91877 
.87974 
.92551 
.76066 
.67905 
. 5 9826 
. 4·97 93 
.41133 
.40716 
.46163 
.54704 
..66273 
.77663 
( 
Table 5.1 - (Continued) 
Angle 
e (degree) 
Half notch angle B (degree) 
oo 15° 30° 45 ° 60° 
r/a = 0.10 
0 1 .66860 l . 62280- l . 5 395 0 · 1.24210 .90360 
9 1.46730 l . 4241 ·o 1.37500 1 .15420 . 87109 
18 1.27240 l . 23650 1.21270 l .05980 .83077 
27 1. 08950 1 . 06400 l . 05 940 .96255 .77220 
36 • 931 95 • 91 926 .92438 • 86661 • 69317 
45 • 81 343 .81452 .8l563 .77437 .62214 
54 • 6691 3 .67475 .67769 .67399 ,.61510 
' 
63 .62283 .62444 .63186 .67069 • 5 71 07 
72 .61241 .60858 .62655 .63577 .46015 
81 • 61035 .60380 • 58995 .60307 • 4 95 31 
90 • 611 24 .57559 .57928 .69756 . 5 65 95 
99 .62243 . 5 755 9 .68775 • 69564 .62204 
l 08 .69610 .. 70208 .86664 • 7 6 905 .68730 
11 7 .92873 l.05230 l . 0751 0 • 95 986 .77334 
l26 1.58590 l.86510 1.86230 l .40130 
135 3.45440 -28.10500 75.81600 2.81980 
l44 -1.15020 - 1..78220 - 1.95220 
153 .03039 - 1 .86740 
162 • 5 621 2 2. 50960 
171 3.49060 
180 -1. 372·20 
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Table 5.1 - (Contin·u:ed) 
• 
Angle 
e (degree) 
Ha 1 f notch angle B (degree) . 
15° 30° 45° 60° 
r/a = 0.15 ."J/11 
0 1.45330 1 • 444 90 1.42550 1.24350 . 9 32 91 
9 1 . 321 00 1 • 31 01 0 1 .29200 1 . 14 7 40 . 8 9031 
18 1 • 1815 0 1.17140 l . l 5 900 l .04870 .84414 
27 1 . 03930 l . 03030 l . 0?.230 • 946'16 .79445 
36 • 89452 • ·884 9·7 .88495 .84268 • 74005 
4:5 .76253 .75882 .74980 • 7 4 61 2 · .67920 
54 .65648 .65893 .64770 .63324 . 628 91 
63 . 627 41 .63146 .61687 . 6185 9 .61232 
72 • 61182 .61853 .61049 058119 . 5 7 971 
81 .60254 .60472 .58688 .54733 .58033 
90 .61725 .62817 • 5 6 9 91 .64813 • 5 75 33 
99 .68653 .66070 .62896 .64512 .60281 
108 .79856 • 726 95 .78788 .72438 .66506 
117 l . 00180 . 94 754 .99872 • 91 34 9 .77098 
~ ;. 126 l .52210 1.66450 l .50960 1 • 34390 
l 35 3.47350 6.56200 2.99480 2.99310 
144 -2. ,. 5200 
- 11 • 91 200 4.08870 
153 -1.41600 
- l. 77940 
162 -1.77490 l. 79960 
l 71 
-
.98082 
' 180 -1.16870 \ ., 
-76-
. ,, 
o .. 
·I . 
. . 
4. 
2. 
,_ 
~50 
E 
u 
...._ 50 
>, 
,_ 
c:t 
<J 
' 
30° 
> 
<J 
...._ 
QJ 
Ol 
C o. ttJ 
..c 
u oo 45° 180° 
QJ 
u Angle e 
C(j 
4-
~ 
:::::, 
V) 
.......... 
QJ 
E 
:::::, 60° 
,--
0 
> 
-2. s=0° 
-4 .o 
Figure 5.11. Finite element solution for the angular variati.ons 
o f ( !J. V / !J.A ) .. for s ymme tr i ca 1 1 o a di n g w i th r / a = 0 • 0 5 y 
a n d v = 1. / 3 • 
-77-
• 
4.0 
2.0 
........... 
E 
u 
...._, 
>, 
........... 
<! 
<J 
' > 
<1 
...._, 
OJ 
en 
C: o.o re, 
...c oo u 
OJ 
u 
re, 
4-
s... 
:J 
V) 
' OJ E 
:::, 
r--. 
0 
.> 
-2.0 
-4 0 . . . 
Figure 5. 1 2. 
45° 
45 ° goo 135 ° 180° 
Angle e 
_ __;...._6·0° 
Finite element solution for the angular variations 
of (t..V/t..A)Y for symmetrical loading with r/a - 0.1 
and v = 1/3. 
-78~ 
30° 
1-S o· 
e=Oo 
"/',,.-.· / . 
,, 
\ 
E 
u 
>, 
-c:C 
<] 
......... 
> 
<1 
(1J 
0, 
4.0 
----
45° 
2.0 
.,----30° 
15° ,,___ 
e=oo 
C 
'° 0. 0 t--:----i--n~_,._ _____ __.__ _____ -t---if+-.1_-----.....J 
..c 1.0 0 u 
(1J 
u 
C'C1 
4-
s.... 
::::s 
U1 
,. 
OJ 
E 
::l: 
r--
0 
> 
-2.0 
-4. 0 . 
Figure 5013. 
. . i. 
goo 
Angle: e 
135 ° 
------. 60° 
180 ° 
Finite el·ement ~olution for the angular variations 
of (1V/~A) for symmetrical loading with r/a - 0.15 y . 
and 'J = 1 / 3. 
-79-
I ( l 
i 
' 
'· 
---~-------------
---t . 
I 
s·pread. Clearly evident are the large oscillations in (~V/~A) fore 
. . y 
near 30° and 120 °. Influence of B becomes much, 1 ess pronounced at r /a 
= 0.10 where all the curves in Figure 5.12 ten·d to bunch together sim-
ilar to the ana 1 yti cal results in Figure 2. 4 obtained from th-e second 
of equations (2.17). As it is expected, further away from the notch 
tip at r/a = 0.15, the values of (aV/6A)Y are even less influenced by 
Bas indicated in Figure 5.13. While the feature of violent oscilla-
tions ate near 45° and 120° are retained· in the finite element solu-
tions displayed in Figures 5.11 to 5.13, large discrepancies between 
the an a 1 y ti ca 1 and n u me r i ca l res u l ts are f o u n d at s p e c i f i c 1 o ca ti on s 
when comparing the data in Tables 2.3 and 5.2. 
The above findings reveal that the- meshes near the notch boundary 
fore~ 180°-B should be more refined so that the nume:rical solutions 
o n ( ~ V / 6 A ) i ( i = x , y ) co u l d be cl o s e r to th o.s e ·o b ta i n e d from e q u at i on s 
(2.17) for the case of symmetrical loading. 
Plotted • Figure 5.14 the global of ( Ii V / 6A) . ,n are average 
l 
( i - X ,y) as a function of the ha·1 f notch angle s. -Wh i 1 e -
mained nearly constant for all 3, (~V/!JA) increased with y I 
notch angle. Note that (~V/~A) is negative as indicated y 
(AV/ ~A) re-
X 
• • 1ncreas1ng 
in Table 
5.3. This result is expected for the load is applied in the y-direc-
tion along whi-ch the elements experience more change in }jV/~A. 
~" -~ ;J·· 
Sk.w-Symme;luc. Load·f.Jig. By using the same grid patterns as those 
in F-igures 5.4 to 5.7, the skew-symmetric loading problem in Figure 
5.2 is solved. The finite element results of (jV/!~A)x for r/a = 0.05, 
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Table 5.2. Finite element solution of (~V/~A) (cm) y 
for symmetrical loading with v = 1/3 and 
d.i fferent s and r/a ratios. 
Angle Hal f .notch angle s (degree) 
e (degree) 
oo . 15·o 30° 45 ° 
r/a = 0.05 
0 2.70110 2.53190 2.52120 4 .. 37430 
9 3 .12 3·70 2. 96070 2. 95220 5.48640 
18 3.73510 3.68870 3.93310 9.52800 
27 5 .12950 6. 62760 10.38800 23.90500 
36 -45.90200 - 7. 93460 
-
4. 89900' 
-
4.81760 
45. 
-
2.63900 -2.03420 
-
l •. 77260 
-
2.15100 
54 
-
1 .86890 -1 .60230 
-
1.41110 - 1.59230 
63 
-
1 • 97240 -1.70750 
-
1 • 4841 0 
-
1.42530 
72 
-
2.26700 -2.08240 
-
1 . 78150 
-
• 8881 3 
81 
-
2.57390 -2.34470 - 1.15520 - .35894 t.. 
90 
-
2.76840 -1 . 81780 
-
.42297 
-
.04930 
99 
-
2.74560 -1.15530 . 1 96 91 - .06990 
108 
-
3.43830 • 0052 9 .86080 42.95800 
11 7 -43.02800 • 43502 
-
.66447 l • 45890 
126 3.62720 6.72930 . 31462 l • 1 4180 
135 -13.04100 
-
. 3306'3 .56319 l.04170 
144 
- l • 40320 • 45 697 .73406 
153 -14.92800 .• 9991 7 
162 1 • 78650 l . 5 3980 
. . 
171 -10.26200 
180 
-
1.47500 
-81-
.. 
60° 
-20.15500 
-11.73600 
-
7.41970 
-
4.73110 
-
3. 1 781 0 
-
2.11580 
-
1 • 48920 
-
. 99174 
-
.69874 
-
.67485 
-
• 8515 6 
-
l. 20770 
-
1 . 98660 
-· 3.64980. 
Angle . 
e (degree) 
r/a = 0.10 
0 
9 
18 
-27 
36 
45 
54 
63 
72 
81 
90 
99 
108 
117 
126 
135 
144 
153 
162 
l 71 
180 
Table 5.2 - (Continued) 
Half notch angle S· (degree) 
" 15° 30° 45° 
2.49560 .2. 6.0560 2.85340 5. 13040 
3.13970 3.35790 3.66640 7.48720 
4.67170 5.22800 5.70210 17.73500 
12.26500 16.78500 18. 081 00 -25.70500 
-13.94600 -11 .46900 -12. 395 00 - 6.49660 
- 4.35990 - 4.39130 - 4.42390 
-
3.43210 
- 2.02230 - 2.07450 - 2.10260 ~ 2.06730 
- 1 • 651 30 - 1 .66270 - 1.71630 - 2.03660 
- 1.58010 - 1.55480 - 1.67770 - 1.74550 
- 1.56640 - 1 .52400 - 1.43870 - 1.51930 
- l .57230 - 1.35620 - 1 .37690 - 2.30640 
- l .64860 - l .37680 - 2.21420 - 2.29340 
- 2.92120 
- 2.36210 - 6.56290 - 3.33180 
-13.06700 23.67800 14.61700 -24.63600 
2.70700 2.15610 2. 15 980 3.50710 
1.40770 .94372 1.02890 1.57130 
. 5 3221 .63997 .65883 
- 0.03169 . 65~1 2 3 
T.28890 1 . 16220 
1 . 40540 
.57845 
-82-
-~--.. ~----
60° 
-9.37340 
-6.75760 
-4. 9-0920 
- 3. 38 990 
-2.25910 
-1.64650 
-1 . 5 9810 
-1.33140 
-
.85'235 
·- .981.42 
-1 .30390 
-1 .64580 
-2.20450 
-3. 4l 760 
! 
\ 
• 
Table 5.2 - (Continued) 
Angle' 
e (degree) 
Half notch ~ngle B (degree) 
~-
15° 30° 45 ° 60° 
r/a =· 0.15 
0 3.20600 3.24780 3. 35000 5 .11 35 0 -13.90500 
9 4.11560 4.22450 4.42480 7.80130 - 8.11670 
18 6.50820 6.83370 7.29030 21 .60200 
-
5.41600 
27 26.55700 34.01500 46. 94500 -17.61800 - 3 .86510 
36 
-
8.48040 
-
7.69310 
-
7.69200 
- 5. 35.670 - 2.84690 
45 
-
3. 21110: 
-
3.14630 
-
2.99690 - 2.93890 - 2 .. 11720 
54 
-
1 . 9111 0 
-
1 . 93200 
-
1 .83850 - 1 . 72660 - 1 . 694 70 
63 
-
1 .'68390 
-
1. 71340 
-
1 . 61 01 0 - 1 .• 62180 - 1 .-57940 
72 
-
1.57610 
-
1 . 62140 
-
1 .567;30 
-
1.38770 - 1 . 37930· 
81 
-
1 .55720 
-
1.52990 
-
1 .42060 - 1.20910 - 1 . 38280 
90 
-
1 .61530 
-
1 .,168940 
-
1 . 3251 0 
-
l . 84200 . - 1 . 35480 
99 
-
2 .19010 
-
1 . 95160 
-
1 . 69510 
-
1.81854 
- 1.51810 
108 ·- 3.96490 - 2.66920 - 3.72490 - 2.62870 - 10 98590 
117 7.2. 421 00 -18.60000 -107.49000 -10.57000 
-
3.36400 
126 2.91660 2.50910 2.98160 3.94200 
135 <:-: 1.40460 l. 22230 1 .5029·0 l .51220 
144 .67487 .90751 • 96117 
153 .56865 .63522 
162 • 61 31 2· 076514 
171 . 4 9512 
180 .53888 
-83-
Table 5.3. 
Volume/Surface 
Change (cm) 
f 
... ~ ........ _. 
. ' 
Global average of (~V/tA). (j = ·1,2) 
' J 
for symmetrical loading with~= 1/3. 
Angle s (degree) 
oo ' 60° 
( tV / 11A}x 
(~V/11A) y 
0.9293 0.91307 0.86825 0078372 0.69141. 
-13.14497 -10.50406 -6.59029 -3.62369 -2.24056 
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r. i'·. 
0.10 and 0.15 are shown in Figures 5.15, 5.16 and 5.17, respectively. 
Their variations with the angle e are very different from the case of 
symmetric loading in Figures 5.8, 5.9 and 5.10. The corresponding 
asymptotic solution of (tV/6A) obtained from the first of equations 
. . X • 
(2.18) is shown graphically in Figure 2.5 which agree more closely 
with the curves in Figure 5 .16 for r /a - 0 ~os • Large di sa greeme'nts 
occurred fore near zero whete the finite element results changed sign 
' from positive to negative except for the case of s = 30° wh i 1 e t.he 
ana.lytical results were all negative. This can be seen from the data 
in Tables 2.4 and 5.4. 
Figures 5.18, 5.19 and 5.20 display the (6V/~A) curves /for r/a y 
= 0.05, 0.10 and 0.15, respectively; they are obtained from the finite 
element analysis and agree qualitatively with the results in· Figure 
2.6 obtained from the second of equations (2ol8). At e r-, O O , ( 6 V /~A) y 
are positive for all 3 as shown in Table 2.5. This did not happen for 
the numerical re.sults in Table 5.5 where (6V/~A) attained negative y 
values ate - 0° and 2 = 45° and 60° with r/a = 0.05 and 0.10. For 
r/a 0. 15, negative ( t V /.~A) occurred only for - - 60° at A - 0 0. It - ~ - ·- -'--' ~-y 
• anticipated that finer mesh pattern near the notch free sur-face 1 S a 
would alter the local values of (~V/~A). (i = x,y). 
. l 
Unlike the global (~V/.~A). (i --~ x,y) values in Figure 5.14 for the 
l 
case o f s ymme tr i c 1 o a d i- n g , the r a t e c ha n ge o. f vol u me w i th s u r face v a r-
i e d widely with the notch angle .:·· for ske-w-symmetric loading. This 
can be seen from the data in Table 5.6 and the curves in Figure 5.21. 
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Table 5.4. Finite element solution of (6V/AA)x (cm) 
for skew-symmetric load with v = 1/3 and 
different sand t/a ratios. 
Angle Half notch angle s (degree) 
e (degree) 
15° 45 ° 
r/a = 0.05 
0 1. 79590 1.81330 - 1.06570 .62785 
9 -1 • 097 90 
-
.97846 - 1.18150 - 1 . 33270 
18 
·-
• 92655 - .89722 - 1.14210 - l • 2125 0 
27 
-
.86307 
-
.86446 
-
1.10120 
-
l • 1 01 40 
36 
- .82053 - • 8205.6 - 1 • 04980 - .98300 
45 
-
.80116 - .76058 - .97237 - .85925 
54 
- .88054 - .73853 - .89842 - .81747 
63 -1 • 145 60 - .80455 - .94845 - 1 . 21 32 0 
72 -1 .65840 - l • l 7060 - 1 • 60310 -12.09800 
81 -1 18040 -2.03770 
-
4.43620 13.58000 
• • 
90 -2.78490 -3.67170 
-
8.84260 7.43610 
99 -5.36760 -4.95340 -10.55700 5.57320 
108 -5.12040 -4. 703·00 - 8 •. 60740 4.15590 
11 7 -4.32010 -3.14810 - 7.06650 3.12900 
126 -2.85470 -2.20340 
-
5.48610 2.39230 
135 -1 • 701 00 -1 .70530 
-
4.61620 1 •. 82180 
144 -1.19350 -1 • 5 5 3 30 
-
3.73180 
153 -1.07860 -1 .37020 
162 -1 • 05 630 -1.18760 
171 -1.03320 
180 -1 • 01 060 
-89-
60· 0 
.45229 
-11 . 08000 
-11.99700 
-14.41500 
-20.25500 
-86.89500 
16.10300 
2.89150 
1 • 8.0240 
l • 5 361 0 
l • 361 60 
l . 20820 
1 • 04240 
.87642 
I' 
., .. _ -
Table 5.4 - (Continued) 
Angle 
e (degree) 
Half .notch angle s (degree) 
.oo 15 ° 30° 45 ° 60° 
r/a = 0.10 
0 3.33410 1.31600 
-
.75592 .81.665 .42115 
9 
-
• 8134 9 
-
• 69514 - .70473 
-
.42080 - 4.10790 
18 
-
• 6811 0 
-
.61248 
-
.66790 
-
• 28,290 
-
4.98250 
27 
-
055235 
-
.53370 
-
.63970 
- .20008 - 6.54680 
, . 
36 - "·.46111 
-
.49210 
-
.65772 
-
.23344 
-
9.79310 
45 
-
• 6.6103 
-
.67798 
-
• 8'6237 
-
.68629 -36.61700 
54 
-
.94840 - .• 82890 - • 95855 - .55234 5.56850 
63 -1.09370 
-
.89667 
-
1,. 06050 - 1.04120 2.10910 
72 -1.38450 -1.14260 - 1 .56290 
-
4.50870 1. 66980 
81 -2.02750 -1.76880 
-
2.70780 25.69400 1.42670 
90 -3.66830 -2.80320 
-
4.22130 5.22720 1 .20040 
,;.· 
99 -5.25740 -3.84600 
-
6.22110 2.63990 l.01620 
l 08 -5.60110 -4.03850 -12.77700 2.09980 • 88.392 
11 7 -4.36570 -3.31650 -26.98300 1 .91640 . 7 9001 
12·5 
-2. 75 980 -2. 91190 -17.42100 1.84260 
l 35 -1 .. 9071 0 -2.29930 - 9.44750 1 • 8171 0 
144 -1 .42510 -1 . ·814 90 - 5.64470 
153 -1.14530 -1 . 481 3.0 
162 -1.00530 -1.24960 
l 71 
-
. 92691 
180 - .88265 
I . ...._, 
-90-
,. 
.. 
Table 5.4 - (Continued) 
Angle 
e (degree) Half· notch angle s (d_egree) 
oo 15° 30° 45 °' 60° 
r/a = 0.15 
0 · 2. 96150 l. 05580 
-
• 63014 l • 451 90 • 6 35 30 
9 
- .42330 - • 4 7 451 - 058529 - . 05853 - 1 .85020 
18 
-
.48270 
-
. 5 05 99 
-
.61515 .15437 
-
2.02210 
27 
-
.51335 
-
.52077 
- .· 64063 . 30261 - 2.49120 
36 
- .51271 - . 5 2775 - .67578 .35282 - 4.33790. 
45 .. . 661 95 
-
• 65 375 
-
.. 80'751 .05740 -20.41500 
54 
-
. 86169 
-
• 79003 
-
.92122 • 1 01 20 13.21400 
63 -1 .03880 
-
.93844 
- 1 • 09580 - • 02781 .2. 84800 
72 
-1.35940 ~l.20640 
-
1.46890 
-
. 95 920 1.86040 
81 -1.90780 -1.61270 
-
2.15450 13.85700 l .40310 
90 
-2.96620 -2.18570 
-
3.15300 2.04390 l . 13610 
9·9 
-3.51330 -2.88400 - 4.38240 l • 6 9160 • 9821 6 
J 08 -3.73680 -3. 3458'0 
-
7.59280 1.60200 .87752 
117 
-3.49490 -3.06680 -14.57400 1 . 64410 .80142 
126 
-2.68180 -2.78970 - 12. 91 900 1 • 71 940 ~ . 
135 
-1.83600 -2.28830 
-
8.47170 1. 79670 
I\ 
·144 
-1 . 4 75 60 -1.84570 
-
5.44940 
153 
-1.26850 
-1.52000 
162 
-1.1.3390 -1 . 28'860 
171 
-1004090 
180 
- .98078 
'· 
I\,_ 
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Figure 5.20. Finite element solution for the angular variatibns 
of (~V/~A) for the skew-symmetrical loading with y 
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Table 5.5. 
Angle 
e (degree) 
r/a = 0.05 
Finite element solution of (~V/~A) (cm) 
. -~ 
for skew-symmetric load with_v ~- 1/3 and 
different sand r/a ratios. 
Half notch angle B (degree) 
oo 15° 30° 
0 2. 2·5640 2.50900 .49945 -1.68710 
9 .52261 .49122 .53627 • 5 6 931 
18 • 4 7581 .46688 .53099 • 54541 
27 .45712 .46049 .52246 .52383 
36 • 44 998 • 44 917 .51185 .495l4 
45 .44467 .43102 .49273 .46154 
54 .46779 .42416 • 4 731 0 .44012 
63 .5 3391 .44374 .48645 .5481.2 
72 • 61295 .53877 .61448 • 92 34 7 
81 .67318 . 66 962' .81557 1 • 085 70 
90 .73579 .78068 .89797 1.15550 
99 .80549 .83062 . 91 335 1 • 21 960 
108 .83065 .82447 .89511 1 . 31 7 7 0 
117 .81123 .75846 .87296 1 .48160 
126 .74049 .68733 .84573 1 . 7281 0 
135 • 62 971 • 62 911 .82024 2.22210 
144 .54411 • 605 95 .78404 
153 .51568 • 5 75 37 
162 .51006 .54042 
1 71 .50663 
180 .50263 
' ' '·~: 
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60° 
-
.82582 
• 915 36 
• 9221 2 
.93344 
• 95290 
• 98862 
1 . 07040 
1.53060 
2.25180 
2.86780 
3. 765·40 
5 .. 8022.0 
33.98700 
-
7. 16400 
( 
. I, 
' ~ 
Table 5.5 - (Continued) 
• 
Angle 
e (degree) 
Half notch angle B (d~gree) 
o-o 15° 30° 45° 60° 
r/a = 0.1 
0 1.42840 4. 184 90 .43034 -4.92140 - .72756 
9 .44849 . 40995 .41334 .29530 .80257 
18 .40507 .37979 . 40041 .21838 .82962 
27 . 35581 . 34 798 . 3.9013 .1.6589 .86653 
36 . 315·5'8 .32980 .39675 .18332 . 907 31 
45 .39796 .40402 .46299 .40697 .97333 
54 .48673 . 45 320 .48936 .. 35 204 l • 21 930 
63 .52237 .47276 .51467 • 5-0915 1 . 901 70 
72 .58062 . 5 3328 .60976 .81720 2.49310 
81 .66970 • 63881 .73000 1 .04100 3.34620 
90 • 785 7 9 .Z3693 .80847 l.23660 6.14300 
99 .84015 • 7 9361 .86069 1 .62640 267.97000 
108 .84840 .80146 .92682 l. 91 04·0 - 8.41900 
117 . 81361 .. 76829 .96388 2.09400 - 3.76340 
126 .73403 .74437 . 945 71 2.18740 
135 .65600 . 6 96 90 . 9042·2 2.22380 
144 .58763 .64474 .84946 
153 .53385 • 5 96 97 
162 . 5 01 30 .55546 
1 71 .48102 
180 .46883 
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Table 5.5 - (Continued) 
Anc,gl e 
e (degree) 
Half notch angle 8 {degree) 
oo 15° 30 ° ", 45 ° 60° 
r /a = 0. 15 
0 l • 5 0980 36.27700 .38647 3.44420 
-
1 • 7 41 90 
9 .29685 • 32144 .36914 .04968 .64794 
18 .32522 . 335 97 .38086 
- • 18 914 • 66491 
27 .33920 .34244 .39047 
- .47.274 .70838 
36 • 33891, .34542 .40325 
-
.57208 .79762 
45 .39830 • 3 95 31 .44675 
-
.06114 .93562 
54 .46283 .44135 . 4 795 0 
- .12625 1 . l 01 00 
63 . 5 0951 .48411 .52286 
-
.01577 1 .54410 
72 .57616 .54678 . 5 94 96 .45569 2.17420 
81 • 65610 • 61 723 .68287 l. 08050 3.48260 
90 .74787 .68599 • 75 920 l . 95800 8.35000 
99 .77839 .74227 • 81 41 2 2.48310 -55.06800 
l 08 .78873 .76977 .88325 2.72400 - 7.16470 
117 .77738 .75409 .93524 2.55850 - 4.03580 
126 .72839 . 7 361 3 .92750 2.39210 
135 .64739 .69589 .89432 2. 25 5 30-
144 . 5 9605 .64859 .84465 
153 • 5 5 91 6 • 60312 
162 . 5 31 37 . 5 6 3 01 
171 • 51 001 
180 .49515 
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Table 5.6. Global average of (~V/~A). J (j = 1,2) 
for skew-symmetrical loading with 
\)·· = 1/3. 
V 
Volume/Surface Half notch angle S (degree) 
Change (cm) 
oo 15° 30° 45° 60° 
· ( ~v / ~A)x l .-42715 , .. 26927 - • 794·57 l. 01086 . 70318 
{!1V/~A) 3.34109 5. 0·1170 .44276 93.07017 --2. 36907 y. 
The quantity {~V/~A)x_ changed sign while (~V/~A) rised sharply at B y 
= 45 °. 
5.4 Decay of Notch Tip Normal Stress 
The local· normal stresses 0 on the x-axis in Figures 5.l or 5.2 y 
as a function of the distance r, ioe., fore= 0, are obtained fo·r S 
= 0°, 15°, ••• ,60°. It would be of interest to determine the location 
of failure initiation by assuming a reaching the ultimate a in Fig-Y u 
ure 5.3 as the criterion. 
Symme)Jtic.a.l Loacung. Displayed graphically in Figure 5.22 are the 
,~-· 
curves showing the decay of 0 with r fo·r the portion whe.re cr would y u 
in ters'ec t. 
initiate. 
This gives the critical- distance r where fa·ilure would C 
The s up er s c r i pt s O , 1 , 2 , .• , 4 a. n r re fe r , respect i v e 1 y , to C 
the values of re for s = 0°, 15°, 30°, •. e,60°. They are indicated as 
0 1 · re, re, etc., ,n Figure 5.22 and plotted in Figure 5.23 as a function 
of s. A minimum of r occurred near B ~ 15° and ma.ximum of r at s C . - - C 
~- 37.5°. This non-monotonic behavior shown in Figure 5.23 or Table 
.5o7 is not intuitively obvious and could be attributed to inaccuracy 
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Table 5. 7. The failure distance with reference to half notch 
' 
angle S for symmetrical load: maximum stress 
criterion. 
Notch angle s Failure distance (degree) 
r X 10-2 cm 
C 
oo . 10. 094 
15° 8.875 
30° 10. 094 
45° 10. 094 
60° 8. 21 9 
in the numerical calculation and/or the application of the maximum 
stress criterion to cry. Along the x-axis ahead of the crack, cry 
equals to ax, assuming that failure initiates_ at cr = a may not be y u 
justified. 
Sf2-eLv-Symmducal Loacl<.J1g. If the load is applied skew-symmetri-
cal ly across the x-axis, then the maximum normal stress ahea.d o.f the 
notch would not occur ate= 0° but at some other anqles +e0 depending 
on the direction of the in-plane shear action. The values of +e0 for 
diff~rent half notch angles -can be found in Table 3.2. Plotted in 
Figure 5.24 are the decay of the tangential stress cr 8 with the dis-
tance r from the notch tip for s = 0°, 5°, ••• ,15°. Because the stress 
singularity weakens very rapidly which corresponds to ymin ~ 1 in Ta-
ble 2.1: for s > 50°, elevation of dW/dV occurs increasingly close to 
the notch ti p as B i s i n c re a s e d . W hi 1 e the res u l ts for s > l 5 ° can be 
obta.i n.ed without di ff i cul ty, they yi e 1 d no useful information. This 
can be seen from the data in ·Figure 5.25 which gives the failure liqa~ 
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• 
ment, r, predicted from the intersection of the curves in Fi~ure 5.24 1 · 
C 
with the ultimate strength ou. The curve for re dropped very s~arply 
as a increased from 0° to 20° which is more than ·eight (8) times smal~ 
ler than that obtained for symmetrical loading in Figure5.23 at the. 
sa~e notch angle. Numerical values of re are given in Table 5.8. 
Table 5.8. 
Half Notch Angle 
S (deg.) 
oo 
50 
l 0° 
, .50 
Critical 1 i gament size for skew-·symmetri cal 
loading: maximum circumferential stress 
·. criterion. 
Critical Ligament 
r x ,o-2 (cm) 
C 
5.552 
4.836 
3.761 
2.328 
5·. 5 De.cay of Strain Energy Density 
Symmeftlc.af_ Loading. Shown in Figure 5.26 is the decay of di\J/dV 
as a function of r, the distance r that corresponds to the intersec-
tion of the line (dW/dV) ~ 11.687 MPa with the dW/dV curve for a 
C 
given 13 gives the re. The relation between re and 13 can thus be ob-
tained. 
Figure 5.27 gives the values of re as a function of 13 while Jable 
5.9 summarizes the corresponding numerical values. The failure loca·-
tion ahead of the notch decreased. monotonically with increasing half 
notch angles. This trend differs from that predicted from the maxi-
mum stress criterion in F·igure 5023. From a knowledge of (dW/dV)c and 
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Table 5.9. Damage distance and critical strain energy density 
factor for symmetrical loading as a function of 
half notch.angles. 
Half Notch Angle 
8 (deg.) 
oo 
15° 
30° 
45° 
60° 
Damage Distance 
re x 10-2 (cm) 
5.660 
5.660 
5.509 
4.679 
2.604 
Critical Energy 
Density Factor 
s x 10-2 (KN/cm) 
C 
6.615 
6.615 
6.438 
5.468 
3.043 
re' it is possible to define a critical strain energy density factor 
S as the shaded area in Figure 3.5. For each value of r, there C . C 
would be a S .• C A curve such as that in Figure 5.28 can be con-
st·ructed to show that Sc _is notch geometry dependent. This is 
of equation (2.10) where dW/dV 1depends on rm-l where m changes 
l 
•,· 
because 
withs. 
Therefore, (dW/dV)c = canst. is more general criterion ·tha·n Sc which 
applies only for the crack confi·gurati on \vhere m = 0 and · · 
dW _ 
- -dV r 
s (5.3) 
~ 
In this special case, S is al so cha racteri st i c of th·e ma teri a 1 as it C 
can be related to the valid ASTM Klc fracture toughness parameter: 
s. = 
C 
( l +v) ( l -2v) Kf c 
2'ITE 
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Because equation (5.4) does not hold for the notch, the notch does not 
fail in a _self-similar manner as illustrated in Figures 3.l(a) and 
3.l(b). The energy release rate concept applied in. fracture mechanics 
for self-similar crack growth, therefore, does- no-t apply to the notch 
configuration even if the load were applied symmetrically. r·he strain 
energy density function dW/dV holds regardless of the defect configu-
·. 
ration or material. 
The critical stress ac corresponding to failure initiation based 
on dW/dV reaching critical is normalized with reference too~ and 
pl o t t e d i n Fi g_u re 5 • 2 9 a g a i n st 8 o 0 • .. . . Here, crc 1s the value of ac at B 
= 0° for the crack. As it is expected, crc increases with increasing 
a. Less energy is transferred to the notch, tip as B increases. The 
',, 
limit s = 90° corresponds t·o a half-plane.with no stress singularity. 
Monotonic intrease of oc/o~ with Bis shown~ the data in Table 5.10. 
Table 5.10. 
Half Notch Angle 
s (deg.) 
ao 
15° 
30° 
45° 
60° 
Critical applied stress at diff~rent half 
notch angle for symmetrical loading. 
Normalized Stress 
oC/o~ X 10-2 
l. 000 
l. 070 
l. 213 
'· 1. 490 
2. 100 
Ske.w-SymmUJl.ie:a.1 Loading. Displayed in Figure 5.30 are the vari-
ations of dW/dV with r for s = 0°~ 5°, ••• ,15°. The li.ne (dW/dV)c that 
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intersects with the curves yields the r and S values and they are C C 
• 
summarized in Table 5.11. Both re and Sc for skew-~ymmetric loading 
Table 5.11. Damage distance and critical strain enerqy 
density factor for skew-symmetrical loading 
as .a function of half notch angle a. 
Half Notch Angle 
s (deg.) 
oo 
50 
10° 
15° 
Damaqe Di sta.nce · 
- I 
r x 10-2 (cm) 
C 
4.298 
3.194 
2.298 
0.955 
Critical Energy 
Density Factor 
Sc x 10-2 (KN/cm) 
5.023 
3.733 
2.686 
1. 116 
are smaller than those for symmetrical loading at a given notch angle 
and they both decreased much more rapidly with Bas evidenced in Fig-
ures 5o31 and 5.32. 
Figure 5.33 shows that the normalized critical skew-symmetrical 
0 0 load Tc/Tc alsoincreases with increasings. The quantity Tc repre-
sents tc at B ~ 0 for the crack configuration. Again, tc/t~ rised 
much more sharply than ac/a~ for symmetrical loading because the notch 
tip stress singularity is considerably weaker in skew-symmetric load-
. . 
.. 
ing. Table 5~12 gives the corresponding numerical values of tc/T~ . 
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Table 5.12. Critical applied stress at·different half 
- ( 
________ n_·o_t_c_h __ angle for·skew~symmetrical .loading. , 
~· 
Half Notch Angle 
B (deg.) 
ao 
50 
15° 
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.:-· - . 
.Normalized Stress 
I o -2 tC TC X 10 
l. 000 
1.294 
1.707 
2.208 
VI. CONCLUDING REMARKS AND FUTURE WORK 
Illustrated in this work is how the critical volume en.ergy density 
• 
could be used to characterize the fracture strength of sharp notches 
whose near field stress singularities change with the flank angle in 
addition to the symmetry character of the load. For a fixed notc·h 
angle, the stress singularity under skew-symmetrical. loading is found 
to be mu,ch weaker and becomes diminishingly small as the half-notch 
angle increases beyond 60°. 
Based on the volume energy density criterion [6,7]:, potential 
sites of fract.ure initiation are predicted; they correspond to the lo-
cation where thegmaxi~um of minimum energy density prevails. The lig- p 
ament of failure ahead of the crack depended on the order of the notch 
tip stress singularity and hence the notch an~le. This implies that 
the amount of energy release would be geometry depende.nt, a result 
that is not unexpected because the notch would fail in a non-similar 
manner by the initiation of a crack. There is no diffitu·lty info-
cusing attention on discrete material elements ahead of the notch such 
that their critic.al locations would trace the failure path. Stability 
of notch tip cracking could a 1 so be determtned · from. the l oca 1 and 
9.lobal sta.tionary values of the energy density, a concept that has now 
been well established [28,29]. A high gradient qf the ene.rgy density 
wou 1 d correspond to more uns ta:bl e fa i 1 ure, the degree of which can be 
assessed from a knowledge of ((dW/dV);i~lL and [(dW/dV);i~J6. The no-
tations Land G. denote the local and global value of the maximum of 
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minimum dW/dV or (dW/dV);;~; thei~ relative amplitude and position 
provide information on whether the failure ·would be localized or wide-
spread. Refer to the data for a smooth notch front in the sfiape of an 
ellipse [30]. Simi.lar resul·ts could be obtained for sharp notches, an 
effort that would be left for future work. 
As the notch .tip singularity depends on the flank angle, numerical 
modelling of this beha-vior could be problema.tic. Smoothness condi-
tion on the rate change of volume with surface, {AV/AA)j (j = x,y) 
could be used as a guide. To be kept in mind is that all continuum 
m~chanics theories invoke the vanishing of ~V/~A in the limit as the 
elements are shrunk to zero. Such an idealization is violated in the 
vicinity of the singular points where (AV/AA)j could acquire~a highly 
oscillatory character. This is indicative of the.inadequacy of elas-
ticity to describe notch tip behavior. Numerical analysis presents 
additional uncertainties as it involves the approximation of a system 
with infinite degrees of freedom by that with finite numbers. The 
choi·ce on the number and distribution of elements being left arbitrary 
leads to arbitrariness and frequently, inconsistencies. The notch· tip 
sttess singularities cannot be readily enforced in the numerical· anal~ 
ysis even though they are known analytically. This is because the or- · 
der of the singularities is load-type dependent as in contrast to the 
line crack where the same 1//r singularity applies to both symmetrical 
and skew-symmetrical loading. For this reason_, accuracy of the numer-
ical results mu!·st be established by other means. 
' 
-',119-. 
' One of the .objectives of this work is to delineate the approximate 
. nature of the theory from that of the numerical analysis. Such a 
knowledge is a ·prerequisite for evaluating the reliabi.lity of numeri-
cal results. Since the n.otch tip volume energy density singularity is 
·--· 
already·known, its behavior can be checked numerically at locations 
where-(tiV/tiA)j (j = x,y) are highly oscillatory. These are the sites 
where the smoothness condition assumed in the theory of elasticity is 
being violated. That is when the incremental change of ~V/~A exceeds 
the global average. Improper modelling of the notch tip could lead to 
inaccurate prediction of the location of fracture initiation and ev~n 
more appreciable errors on subcritical fracture termination . 
. ,
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